
CS60082 Computational Number Theory

Mid-semester examination

Maximum marks: 60 February 29, 2008 (AN) Duration: 2 hours

[This test is open-notes. Answer all questions. Be brief and precise.]

1 Compute all the simultaneous solutions of the following congruences. (15)

5x ≡ 3 (mod 47),

3x2 ≡ 5 (mod 49).

2 Let σ(n) denote the sum of positive integral divisors ofn ∈ N. Let n = pq with two distinct primesp, q.
Devise a polynomial-time algorithm to computep, q from the knowledge ofn andσ(n). (10)

3 Let n = pq be a product of two distinctknown primesp, q. Assume thatq−1 (mod p) is available.

Suppose we want to computeb ≡ ae (mod n) for a ∈ Z
∗

n and0 6 e < φ(n). To that effect, we first compute
ep = e rem (p − 1) andeq = e rem (q − 1) and then the modular exponentiationsbp ≡ aep (mod p) and
bq ≡ aeq (mod q). Finally, computet ≡ q−1(bp − bq) (mod p).

(a) Prove thatb ≡ bq + tq (mod n). (10)

(b) Suppose thatp, q are both of bit sizes roughly half of that ofn. Explain how computingb in this
method speeds up the exponentiation process. You may assumeclassical (that is, high-school) arithmetic
for the implementation of products and Euclidean division. (5)

4 Imitate the binary gcd algorithm in order to compute the Jacobi symbol
(

a
b

)

. (10)

5 (a) Compute the continued fraction expansion of
√

5. (5)

(b) It is known that all the solutions ofx2 − 5y2 = 1 with x, y > 0 are of the formx = hn andy = kn,
wherehn/kn is a convergent to

√
5. Find the solution ofx2 − 5y2 = 1 with the smallest possibley > 0. (5)

(c) Let (a, b) denote the smallest solution obtained in Part (b). Define thesequence of pairs(xn, yn) of
positive integers recursively as follows.

(x0, y0) = (a, b) and

(xn, yn) = (axn−1 + 5byn−1, bxn−1 + ayn−1) for n > 1.

Prove that each(xn, yn) is a solution ofx2 − 5y2 = 1. (In particular, there are infinitely many solutions in
positive integers of thePell equation x2 − 5y2 = 1.) (5)

Dr. Abhijit Das, Dept. of Computer Science & Engineering, IIT Kharagpur, India

— Page 1 of 1 —


