CS60082 Computational Number Theory

Mid-semester examination

Maximum marks. 60 February 29, 2008 (AN) Duration: 2 hours

[ This test is open-notes. Answer all questions. Be brief andipe]

1 Compute all the simultaneous solutions of the followinggroences. (15)

5z = 3 (mod47),
322 = 5 (mod 49).

2 Leto(n) denote the sum of positive integral divisorsiofe N. Letn = pq with two distinct primesp, q.
Devise a polynomial-time algorithm to computg; from the knowledge of: ando (n). (10

3 Letn = pq be a product of two distindtnown primesp, g. Assume thag~! (mod p) is available.

Suppose we want to compute= ¢ (mod n) fora € Z} and0 < e < ¢(n). To that effect, we first compute
ep = erem (p — 1) ande, = e rem (¢ — 1) and then the modular exponentiatidps= a° (mod p) and
by = a% (mod g). Finally, computet = ¢=1(b, — b,;) (mod p).

(@ Prove thab = b, + tq (mod n). (10

(b) Suppose thap, ¢ are both of bit sizes roughly half of that @f. Explain how computing in this
method speeds up the exponentiation process. You may asdassecal (that is, high-school) arithmetic

for the implementation of products and Euclidean division. 5B
4 |mitate the binary gcd algorithm in order to compute the Basgmbol (%). (10)
5 (a) Compute the continued fraction expansion/d. (5)

(b) Itis known that all the solutions af?> — 5y = 1 with z,y > 0 are of the formz = h,, andy = k,,
whereh,, /k, is a convergent ta/5. Find the solution of:> — 532 = 1 with the smallest possiblg > 0.  (5)

(c) Let (a,b) denote the smallest solution obtained in Part (b). Definesémpience of pairée,,, y,,) of
positive integers recursively as follows.

(350790) = (a7 b) and
(Tnyyn) = (axp—1 + 5byp—1,bxn_1 + ayn—1) for n > 1.

Prove that eacl,,, y,,) is a solution ofz? — 532 = 1. (In particular, there are infinitely many solutions in
positive integers of theell equation 22 — 5y% = 1.) (5)
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