CS60082 Computational Number Theory, Spring 2007

Mid-semester examination

Total marks: 75 February 21, 2007 Duration: 2 hours

[ This test is open-notes. Answer gliestions]

1 Letmy,my € N with d = ged(mq, m2), and leta;, ay € Z. Consider the congruences

x = aj (mod mq),

= a9 (mod mo).

(a) First assume that = 1. There existu,v € Z such thatum, + vmo = 1. Prove that a simultaneous
solution of the congruences is given by )

x = ay + (ag — a;)umy (mod myms).

(b) Now consider the general cage> 1. Prove that the given congruences are simultaneously [delia

and only ifd | (a3 — aq). 8+2
(c) Prove that the solution of Part (b) is unique modige (m;, ms). (5)
(d) Describe an algorithm for computing this unique solutionhaf congruences. 5B
2 Letp be a primep = 3 (mod 4), anda € Z with (%) =1.
(a) Prove that a square root afmodulop can be computed ag?+t1)/4 (mod p). (5)
(b) How many solutions does the congruende= a (mod p) have? Justify your answer. (10)

3 RepresenFs; = Fys asFy(6), whered® + 02 + 1 = 0.

(@) Consider the two elements = 6* + 6% + 6 and3 = 63 + 1 of 3, in this representation. Compute

a+ (3, af anda/f. (5x3)
(b) Find a primitive element of'3,. (5)
(c) Prove that) + 1is a normal element df;s. 5)

4 Let~ be a primitive element of the finite fieldl,, andr € N. Prove that the polynomial” — v has a root in
[, ifand only if ged(r,q — 1) = 1. (5+5)
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