CS60082 Computational Number Theory, Spring 2007

Mid-semester examination: Solutions

1 Letmy,me € Nwith d = ged(mq,ms2), and letay, as € Z. Consider the congruences

a1 (mod myq),

X

as (mod my).

(a) First assume that = 1. There exist, v € Z such thatum; + vms = 1. Prove that a simultaneous solution of
the congruences is given by

x = a1 + (a2 — a1)umy (mod myms).

Solution  Clearly a; + (a2 — a1)um; = a3 (mod mq). Moreover,um; = 1 (mod ms), so that
a1 + (a2 — ap)umy = aq + (a2 — a1) = az (mod my).

(b) Now consider the general cage> 1. Prove that the given congruences are simultaneouslylsieNfzand only
if d | ((IQ — al).

Solution  [if] There existu,v € Z such thatum, + vme = d. Considerr = a1 + (%) umsi. Since
d | (a2 — a1) by hypothesis(92=4) is an integer, s& = a; (mod m;). Moreover,um; = d — vmy, SO
thata; + (225%) umy = a1 + (ag — a1) — (5% ) vmg = az (mod me). Thusz = ay + (“5%) um, is
a simultaneous solution of the given congruences.

[only if] Let = be a simultaneous solution of the congruences. Then for Same, € Z we have
r = a1 + kitmi = as + kamo, ie., as — a; = kymy — kamas. Sinced ’ mq andd ’ mo, WEe have
d ’ (CLQ — CLl).

(c) Prove that the solution of Part (b) is unique modigla (11, ms).

Solution Suppose that, y are two solutions of the given congruences. But thes y (mod m;) and
x =y (mod ms), i.e.,x — y is a common multiple ofn; andms,. Thereforex = y (mod lem(mq, ms)).

(d) Describe an algorithm for computing this unique solutiothaf congruences.

Solution By an extended gcd computation, obtain the values, d satisfyingd = ged(mi,ma) =
umi + vms. Then sett = a1 + (%) umq (mod lem(my,mg)) wherelem(mq, me) = mims/d.

2 Letpbe aprimep = 3 (mod 4), anda € Z with (%) =1.
(a) Prove that a square root afmodulop can be computed asg?*/* (mod p).
Solution Letb = aPt1)/% (mod p). Thenb? = aP+1)/2 = ¢(P=1)/2 x ¢ (mod p). By Euler's criterion
alP=1/2 = (%) =1 (mod p). Thereforep? = a (mod p).
(b) How many solutions does the congruené¢e= a (mod p) have? Justify your answer.

Solution Let 4b be the two solutions of?> = a (mod p). The solutions oft* = a (mod p) are the
solutions ofz? = b (mod p). Sincep = 3 (mod 4), (‘71) — —1. Thus if(%) =1, then(‘?”) =1,
and if (%) — —1, then (‘7”) = 1. Therefore, exactly one of the congrueneés= b (mod p) and
2?2 = —b (mod p) is solvable and has two solutions.

To sum up, there are exactly two solutiosfsz* = a (mod p).

3 Represenks, = Fys aslFy (), whered® + 6% +1 = 0.

(@) Consider the two elements= 6* + 6% 4 0 and3 = 63 + 1 of F3, in this representation. Compute+ 3, o3
anda/pS.

Solution o+ =046 +62+0+ 1.
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afB = (0*+602+0)(03+1) = 0T +0*+0°+ 02+ 04 +0 = 0T+ 05+ 0% +0 = 02(0*> + 1)+ (0% +1)+02+0 =
0'+ 02+ 02+ 1+ 602 +0=0"+6>+0+1.

Sinced®+6%+1 = 0, we haved?(63+1) = 1,i.e.,57! = 2. Thereforen/3 = a3~ = (0*+6?+0)6% =
05+ 0% +63=0(0%+1)+6* + 63 =0+ 0.

(b) Find a primitive element of'ss.

Solution The size off;, is 31, a prime. Thus every element Bf, except the identityl is of order31 and
is a primitive element of 3.

(c) Provethat + 1 is a normal element df'ss.

Solution We have

vo= 041,
7 o= 0+,
7= 0,

P = B 1=0P3*+ )+ 1 =0 +60+1=0°+6%
YO = 000t =007 +1)+ 0" =0"+0°+0.

Therefore,(v %2 4% A% A1) =T(1 6 62 6% 6*)', whereT is the5 x 5 transformation
matrix whose determinant is

1 1.0 00 10 0 0O
101 00 1 01 00
1 0 00 1| = |1 0 0 0 1| (addingtothe topmostrow all ofthe remaining rows)
0 01 10 0 01 10
01 0 1 1 01 0 1 1
01 00
= 8 [1) (1) é (expanding about the topmost row)
1 011
1 0 0
= [0 0 1 ‘ (expanding about the leftmost column)
1 10
0 1 .
= 11 0 ‘ (expanding about the topmost row)
= 1 (mod 2).

Therefore;y is a normal element dfss.

4 Let~ be a primitive element of the finite fielfl,, andr € N. Prove that the polynomiai” — « has a root irff, if and
only if ged(r,qg — 1) = 1.
Solution [if] We haveur + v(q — 1) = 1 for someu, v € Z, i.e.,(7*)" = ~, i.e.,v* is a root ofz” — ~.
[only if] Let § € F, be a root ofz" — ~, i.e.,, " = ~. Clearly,é € F;. Lete = ordd. But then
g—1=ordy =e/gcd(e,r). Moreovere | (¢ — 1). So we must have = ¢ — 1 andged(e,r) = 1, i.e.,
ged(r,qg — 1) = 1.
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