
CS60082 Computational Number Theory, Spring 2007

Mid-semester examination: Solutions

1 Let m1, m2 ∈ N with d = gcd(m1, m2), and leta1, a2 ∈ Z. Consider the congruences

x ≡ a1 (mod m1),

x ≡ a2 (mod m2).

(a) First assume thatd = 1. There existu, v ∈ Z such thatum1 + vm2 = 1. Prove that a simultaneous solution of
the congruences is given by

x ≡ a1 + (a2 − a1)um1 (mod m1m2).

Solution Clearly a1 + (a2 − a1)um1 ≡ a1 (mod m1). Moreover, um1 ≡ 1 (mod m2), so that
a1 + (a2 − a1)um1 ≡ a1 + (a2 − a1) ≡ a2 (mod m2).

(b) Now consider the general cased > 1. Prove that the given congruences are simultaneously solvable if and only
if d | (a2 − a1).

Solution [if] There existu, v ∈ Z such thatum1 + vm2 = d. Considerx = a1 +
(a2−a1

d

)

um1. Since
d | (a2 − a1) by hypothesis,

(a2−a1

d

)

is an integer, sox ≡ a1 (mod m1). Moreover,um1 = d − vm2, so
thata1 +

(a2−a1

d

)

um1 ≡ a1 + (a2 − a1)−
(a2−a1

d

)

vm2 ≡ a2 (mod m2). Thusx = a1 +
(a2−a1

d

)

um1 is
a simultaneous solution of the given congruences.
[only if] Let x be a simultaneous solution of the congruences. Then for somek1, k2 ∈ Z we have
x = a1 + k1m1 = a2 + k2m2, i.e., a2 − a1 = k1m1 − k2m2. Sinced | m1 and d | m2, we have
d | (a2 − a1).

(c) Prove that the solution of Part (b) is unique modulolcm(m1, m2).

Solution Suppose thatx, y are two solutions of the given congruences. But thenx ≡ y (mod m1) and
x ≡ y (mod m2), i.e.,x − y is a common multiple ofm1 andm2. Therefore,x ≡ y (mod lcm(m1,m2)).

(d) Describe an algorithm for computing this unique solution ofthe congruences.

Solution By an extended gcd computation, obtain the valuesu, v, d satisfying d = gcd(m1,m2) =
um1 + vm2. Then setx ≡ a1 +

(a2−a1

d

)

um1 (mod lcm(m1,m2)) wherelcm(m1,m2) = m1m2/d.

2 Let p be a prime,p ≡ 3 (mod 4), anda ∈ Z with
(

a
p

)

= 1.

(a) Prove that a square root ofa modulop can be computed asa(p+1)/4 (mod p).

Solution Let b ≡ a(p+1)/4 (mod p). Thenb2 ≡ a(p+1)/2 ≡ a(p−1)/2 × a (mod p). By Euler’s criterion

a(p−1)/2 ≡
(

a
p

)

≡ 1 (mod p). Therefore,b2 ≡ a (mod p).

(b) How many solutions does the congruencex4 ≡ a (mod p) have? Justify your answer.

Solution Let ±b be the two solutions ofy2 ≡ a (mod p). The solutions ofx4 ≡ a (mod p) are the

solutions ofz2 ≡ ±b (mod p). Sincep ≡ 3 (mod 4),
(

−1
p

)

= −1. Thus if
(

b
p

)

= 1, then
(

−b
p

)

= −1,

and if
(

b
p

)

= −1, then
(

−b
p

)

= 1. Therefore, exactly one of the congruencesz2 ≡ b (mod p) and

z2 ≡ −b (mod p) is solvable and has two solutions.

To sum up, there are exactly two solutionsof x4 ≡ a (mod p).

3 RepresentF32 = F25 asF2(θ), whereθ5 + θ2 + 1 = 0.

(a) Consider the two elementsα = θ4 + θ2 + θ andβ = θ3 + 1 of F32 in this representation. Computeα + β, αβ

andα/β.

Solution α + β = θ4 + θ3 + θ2 + θ + 1.
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αβ = (θ4+θ2+θ)(θ3+1) = θ7+θ4+θ5+θ2+θ4+θ = θ7+θ5+θ2+θ = θ2(θ2+1)+(θ2+1)+θ2+θ =
θ4 + θ2 + θ2 + 1 + θ2 + θ = θ4 + θ2 + θ + 1.
Sinceθ5+θ2+1 = 0, we haveθ2(θ3+1) = 1, i.e.,β−1 = θ2. Therefore,α/β = αβ−1 = (θ4+θ2+θ)θ2 =
θ6 + θ4 + θ3 = θ(θ2 + 1) + θ4 + θ3 = θ4 + θ.

(b) Find a primitive element ofF32.

Solution The size ofF∗

32 is 31, a prime. Thus every element ofF
∗

32 except the identity1 is of order31 and
is a primitive element ofF32.

(c) Prove thatθ + 1 is a normal element ofF32.

Solution We have

γ = θ + 1,

γ2 = θ2 + 1,

γ4 = θ4 + 1,

γ8 = θ8 + 1 = θ3(θ2 + 1) + 1 = θ5 + θ3 + 1 = θ3 + θ2,

γ16 = θ6 + θ4 = θ(θ2 + 1) + θ4 = θ4 + θ3 + θ.

Therefore,( γ γ2 γ4 γ8 γ16 )t = T ( 1 θ θ2 θ3 θ4 )t , whereT is the5 × 5 transformation
matrix whose determinant is
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≡ 1 (mod 2).

Therefore,γ is a normal element ofF32.

4 Let γ be a primitive element of the finite fieldFq, andr ∈ N. Prove that the polynomialxr − γ has a root inFq if and
only if gcd(r, q − 1) = 1.

Solution [if] We haveur + v(q − 1) = 1 for someu, v ∈ Z, i.e.,(γu)r = γ, i.e.,γu is a root ofxr − γ.

[only if] Let δ ∈ Fq be a root ofxr − γ, i.e., δr = γ. Clearly, δ ∈ F
∗

q . Let e = ord δ. But then
q − 1 = ord γ = e/ gcd(e, r). Moreover,e | (q − 1). So we must havee = q − 1 andgcd(e, r) = 1, i.e.,
gcd(r, q − 1) = 1.
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