CS60082 Computational Number Theory, Spring 2007

End-semester examination

Total marks: 100 April 28, 2007 Duration: 3 hours

[ This test is open-notes. Answer gliestions]

1 RepresenF g asFy(0), whered* +60 +1 = 0.

(@) Find a primitive element off14 in this representation. 5
(b) How many primitive elements doésg have? 5
(c) Determine the minimal polynomial &f+ 1 € Fy4 as a polynomial irffy[z]. 5

2 LetF, be afinite field, and ley € F; be a primitive element. For every € Fy, there exists a unique in
the range) < = < ¢ — 2 such thatr = +*. Denote thisc by ind, o (index of o with respect toy).

(@) First assume that is odd. Prove that the equatioff = « is solvable inF, for o € [y, if and only if
ind,, « is even. 2+3

(b) Next considery = 2". In this case, for every € F,, there exists a uniqué € F, such that3? = a.
In fact, 3 = o"'. Suppose that, 3 € F*, k = ind, o, andl = ind, 3. Expressl as an efficiently

computable formula it andg. (5)

3 Prove that the polynomial* + 2z + 7 is irreducible inQ[z]. (20)

4 (a) Prove that the polynomialg® + 4 andx® + 4 are irreducible irff;[x]. (5x2)
(b) Compute the complete factorizationof + 423 + 422 4 2 in F;[x]. (5)

5 Determine which of the following curves is/are non-singylee., elliptic curves). (5x2)

(@ C:y*+4y =2® — 3z — 6 defined overQ.
(b) Cy:y? + 4y = 23 — 32 + 6 defined oveif;.

6 Consider the elliptic curvé& : 42 = 2 + 2x + 3 defined oveif;, and the point® = (2,1) and@ = (3,6)
on the curve.

(8 Compute the point® + @, 2P, and3(Q) on the curve. (5x3
(b) Determine the order aP in the elliptic curve groupz(F»). (5)
(c) What is the number of points afi treated as an elliptic curve ovBrg = F12? (20)

7 Letp be an odd prime withy = 2 (mod 3), and leta be an integer not divisible by. Prove that the elliptic
curvey? = 3 + a defined oveif, contains exactly + 1 points. (10)
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