CS60082 Computational Number Theory, Spring 2007
End-semester examination: Solutions

1 RepresenFg asFy(0), whered* +60 +1 = 0.
(@ Find a primitive element a4 in this representation.

Solution The order of the groufyj; is 15, i.e., every element € Fj; has orderl, 3,5, or 15. We have
0+#1,0%#1,andd® = 0(6 + 1) = 62 + 6 # 1. Thus,d is a primitive element oF 6.

(b) How many primitive elements doésg have?
Solution ¢(15) = (3—1)(b —1) = 8.
(c) Determine the minimal polynomial &f+ 1 € Fy4 as a polynomial irf;[z].

Solution We haved + 1 = 6% = 6%°ie.,0 + lisa conjugate ob, and therefore has the same minimal
polynomial a9, i.e.,minpoly,_ () = z* + = + 1.

2 LetF, be afinite field, and ley € F; be a primitive element. For every € Fy, there exists a unique in
the range) < = < ¢ — 2 such thatr = +*. Denote thisc by ind,, o (index of o with respect toy).

(@) First assume that is odd. Prove that the equatioff = « is solvable inF, for o € [y, if and only if
ind,, « is even.

Solution Let o = 4%*. Thenz? = « has a solution: = v*. Conversely, suppose? = a has a solution
B =~*. Thena = 2 = 42k = y(k)rem(a=1) " Sinceq is odd, (2k) rem (¢ — 1) is even.

(b) Next considery = 2". In this case, for every € F,, there exists a uniqué € F, such that3? = a.
In fact, 8 = a2 Suppose thaty, 3 € F;, k = ind, o, and! = ind, 3. Express] as an efficiently
computable formula ik andg.

Solution If k is even, therd = k/2. If k is odd, therl = [k + (¢ — 1)]/2. Another (less efficient) formula
isl =kq/2 (mod g —1).
3 Prove that the polynomiat* + 2z + 7 is irreducible inQ[z].

Solution In order to prove the irreducibility of (z) = z* + 2z + 7 over Q, we look atf(z + 1) =
(2% + 423 4+ 622 + 4z + 1) +2(z + 1) + 7 = 2* + 423 + 62% + 62 + 10. Now apply Eisenstein’s criterion
with respect to the primg = 2.

4 (a) Prove that the polynomialg® + 4 andx? + 4 are irreducible irff;[x].

Solution Let fi(z) = 2% + 4, and fo(x) = 2 + 4. We havef,(0) = 0, f1(1) =5, f1(2) =1, f1(3) = 6,

fi(4) =6, fi(5) = 1, and f1(6) = 5. Also f>(0) = 4, fo(1) =5, fo(2) =5, f2(3) = 3, f2(4) =5,
f2(5) = 3, and f2(6) = 3. Therefore,f; (x) and f2(x) have no roots iff;, and so are irreducible.

(b) Compute the complete factorizationof + 423 4 422 + 2 in F7[z].
Solution We havex® + 4z3 + 422 + 2 = 2 + 42% + 42 + 16 = (2% + 4) (2 + 4) (mod 7).

5 Determine which of the following curves is/are non-singylee., elliptic curves).
(@ Cy:y?+4y =23 — 3z — 6 defined over.

Solution Replacey+2 by y to rewrite the equation of the curve gs= 23 —3x—6+4, i.e.,y? = 3 -3z —2.
The polynomiak® — 3z — 2 = (z + 1)(z — 2) has multiple roots, and s0; is singular.

(b) Cy:y?+ 4y = 2® — 3z + 6 defined oveif.

Solution  Again replacey + 2 by y to rewrite the equation of the curve g8 = 2% — 3z + 10, i.e.,
y? = 23 + 4z + 3. We haver? + 4z + 3 = (x +4) (22 + 3z + 6), where the quadratic factor is irreducible.
Sincez? + 42 + 3 is square-free, it follows that; is an elliptic curve.
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6 Consider the elliptic curvé : 42 = 2 + 2x + 3 defined oveif';, and the point® = (2,1) andQ = (3,6)
on the curve.

(8 Compute the point® + @, 2P, and3( on the curve.
Solution P+ @ = (6,0), 2P = (3,6) = @, and3Q = O.
(b) Determine the order aP in the elliptic curve groupgZ(F;).

Solution We have6P = 3Q = O, i.e.,ordP | 6. NowP # O,2P = @Q # O,and3P = P + 2P =
P+ Q = (6,0) # O. Thereforeprd P = 6.

(c) What is the number of points ofi treated as an elliptic curve ovBry = F,2?

Solution Easy calculations show th&t(F7) = {O, (2,1),(2,6),(3,1),(3,6),(6,0)}, i.e., |[E(F7)| = 6,
i.e., the trace of Frobenius fdf at7ist = (7 + 1) — 6 = 2. We havel — 2z + 7z% = (1 — az)(1 — Bx),
wherea = 1 +1iv/6, andB = 1 — iv/6. Thus|E(F72)| = 72 + 1 — (a? + %) = 50 — 2(1 — 6) = 60.

7 Letp be an odd prime withy = 2 (mod 3), and leta be an integer not divisible by. Prove that the elliptic
curvey? = 3 + a defined oveif, contains exactly + 1 points.

Solution Sincep = 2 (mod 3), we havep — 1 = 1 (mod 3), i.e.,ged(p — 1,3) = 1, i.e., the mafF, — F,

takingz to 2® (mod p) is a bijection, and so also is the m&p — F,, z — 22 + a (mod p) for any integer
a. We evaluate the right side of the equatigh = 23 + « at all the points off,,. Exactly (p — 1)/2 of

the values are quadratic residues, and exactly one valueTibus the total number of finite points dnis

2 x [(p—1)/2] + 1 = p. Additionally considering the point at infinity gives thesited result.
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