Maximum marks: 50

Mid-Semester Test
September 26, 2008 Total time: 2 hours

1. Suppose that the running tinfign) of an algorithm on an input of size satisfies
T(n) = T(Tn/2]) + T(|n/2)) + cnlogn
for all n > 2, wherec is a positive constant. Deduce thatn) = O (nlog?n). (10)

Solution Step 1: First show, by induction om, that7'(n) is an increasing function of. This implies thatl'(2!) <
T(n) < T(2'*1), where2t < n < 20+,

Step 2: Solve the recurrence far = 2°.

(24

2T (211 + 128 (whered = clog?2 > 0 is a constant)
22T (2"7%) + ¢/ (t — 1)2171] + 12t

22T (272 + [t — 1) +1)2°

22[2T(2173) + ¢ (t — 2)28 2] + [(t — 1) + t]2°

BT + [t —2) + (t—1) + ]2

2T+ [T +2+-+(t—2)+ (t—1)+1]2°
d2' 4+ dt(t +1)271  (whered = T'(1) is a positive constant)
(t? 4 't + 2d)2t 1.

Step 3: Upper bound
Considem in the range2! < n < 2!+1. We have

Tn) <TERTY) =((t+1)2+(t+1)+2d)2" < (C(Ign+1)2 +(Ign + 1) + 2d)n.

It follows thatT'(n) = O(nlog®n).

Step 4: Lower bound
Forn satisfying2! < n < 2t*!, we have

T(n)=>T2) = (2 +dt+2d)27 > (d(lgn —1)? +(lgn —1) + 2d)%.

ThereforeT'(n) =

Q(nlog?n).
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Let M denote the maximum of these absolute differences,rarle minimum of them. The problem of
determiningM (resp.m) is called the maximum-difference (resp. minimum-diffeze) problem.

(a) Design anD(n)-time algorithm to computé/. (5)

Solution The algorithm:
First, obtain the minimum elemen; in the array.
Then, obtain the maximum elemenmntin the array.
Finally, returna; — as.
Correctness:Assumeqa; > a;. Then,|a; — a;| = a; — a; is maximized, whem; is as large as possible ang
is as small as possible.

Running time: The minimum of an array af elements can be found (n) time. Similar is the case for the

maximum.

(b) Design anD(n logn)-time algorithm to computen. (5)
Solution The algorithm:
Merge sort the arrayl in ascending order.
Leta;,, ai,,...,a;, bethe sorted version of.
Compute and return the minimum ef, — a;,, a;, — Giy, - .., Gi, — @i, ;-

Correctness: The minimum differencea; — a;| is achieved whem; anda; are consecutive in the sorted
version ofA.
Running time: Merge sorting an array of size requiresQ(nlogn) time. Computing the minimum of
—a;,_, overj =2,3,...,ntakesQ(n) time.

Qi
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Element uniquenesﬁ)étermi'ne whether an array ofintegers contains duplicates.
It can be proved (using techniques other than reduction) élsament uniquenedsas a lower bound of
Q(nlogn) (under reasonable models of computation). Using this tgstdve that the algorithm of Part (b)
is optimal. (5)

Solution We reduceelement uniquene$s minimum differencas follows.

Let A be the input array foelement uniqueness

PassA itself to aminimum differencalgorithm.

If the minimum differencalgorithm returng), return “elements are not unique”,
else return “elements are unique”.

Soelement unigueness minimum differenceSinceelement uniquenes$ss a lower bound d?(n logn) and
the above reduction algorithm runs@(n) (thatis,o(nlogn)) time, it follows that any algorithm fominimum
differencemust run inQ2(n log n) time (in the worst case).

3. We often need to compute the convex hull (smallest enclasingex polygon) of general geometric objects.
(a) Design anD(nlogn)-time algorithm to compute the convex hulleftriangles in the plane. (5)

Solution The algorithm: Let P;, Q;, R; be the vertices of thé-th triangle. Compute the convex hull of tBe points

P, Q;, R;yi=1,2,... n. Output this convex hull.
Correctness: Since a triangle is a convex polygon, it is immediate thataveg region encloses a triangle if
and only if it encloses the three vertices of the triangle.

Running time: Use anO(n logn)-time algorithm (like sorting followed by Graham’s scan aeparata and
Hong's divide-and-conquer algorithm) for the computatidhe convex hull. Here, we haa points. So the

running time isO(3n log(3n)) which is againD(n logn).
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hdn-convéx) in the plané. ' ' - o (5)

Solution The algorithm: Let P;, Q;, R;, S; be the vertices of théth quadrilateral. Compute the convex hull of the
pointsP;, Q;, R;, S;,i = 1,2, ...,n. Output this convex hull.
Correctness: Any simple quadrilateral can be triangulated by two triasgl For example, lePQRS be a
quadrilateral. Since the sum of the internal angles of ampk quadrilateral i$60°, a quadrilateral cannot

have two or more internal angles 180°. If PQRS contains such an angle, we rename the vertices (if
necessary) and assume that the internal angieist> 180°. But then, the triangle®QR andPRS constitute

a triangulation ofPQR.S.

Running time: Use anO(n logn)-time algorithm (like sorting followed by Graham’s scan aeparata and
Hong's divide-and-conquer algorithm) for the computatidhe convex hull. Here, we hava: points. So the

running time isO(4n log(4n)) which is agairO(n logn).

(c) What is the smallest convex polygon enclosing a circle? (5)

Solution No such polygon exists. For any polygon enclosing a circiecan find a smaller polygon (with more edges)
that encloses the circle.
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substring ofS andT'. Design arO(mn)-time dynamic programming algorithm for solving this prein.  (15)
(Hint: Consider the longest common suffix (or its lengh)); of S[0...4] andT[0... j].)

(Remark: This problem can be solved io(m + n) time by using sophisticated data structures like
generalized suffix tregs

Solution The algorithm: We use an auxiliary two-dimensional arrdyof sizem x n. The variablenaxlen stores the
maximum common substring found so far, whereas the variahlpos stores the index of the last character of

this common substring in the strirfs)
Initialize maxlen = 0.
[* Initialize the first column */

fori=0,1,...,m—1
if (A[¢] equalsB[0])

setE[i][0] = 1,
mazxlen = 1, and
endpos = 1.

else set[:][0] = 0.

[* Initialize the first row */
forj=1,2,...,n—1
if (A[0] equalsB][j])
setE[0][j] = 1,
endpos = 0, and
maxlen = 1.
else set[0][j] = 0.

I* Update the remainindZ[i][;] values in the row-major order */
fori=1,2,...,m—1
forj=1,2,....,n—1
if (A[i] equalsBlj]) setE[i][j] = Ei — 1][j — 1] + 1, else sef[i][j] = 0.
if (E[i][§] > mazxlen)
setmazlen = E[i][j].
setendpos = 1.

/* Return the longest common substring */

returnS[endpos — maxlen + 1. .. endpos].
Correctness: The lengthE; ; of the longest common suffix &[0...¢] andT’[0... j] satisfies the recursive
definition

E .= {Ei,l,j,l +1 if S[i] = T[]
,J ;
0 otherwise

aslongag > 1 andj > 1. The boundary conditions are

(1 i S[i]=T[0] g1 i S[0] = T
Bio= {O otherwise, "¢ Foi = {0 otherwise.

The order, in which the value; ; are computed above, ensures that the valug;of ;_, is already available
during the computation aF’; ; fori > 1 andj > 1.

Running time: Initialization of the first column require®(m) time. Initialization of the first row requires
©(n) time. The subsequent doubly nested loop runs- 1)(n — 1) times with each iteration takin@(1) time.

The total running time is, therefor®,(mn).
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