Convex hulls

We ae given a (finite) se paintsin the plane. Our task isto compute the smalled convex region that contains
al thesepoints. It is eay to concave that this gnalles convex region must be a @nvex paygon (since the
given sd of paintsisfinite). We cdl this smalleg convex region the convex hull of the given sd of paints.

You may visualize a onvex hul in the following way. Imagine that a nail is gruck on aflat groundat
ead of the given pdnts. We ae given a aufficiently stretchable dadic rubber band. Our tak isto placethe
rubber band in such away that it encloses & the nail s, and the total area enclosed by the dretched bandis as
small asposshble. The next figure shaows the convex hull of a se of sixteen pants.

The upper hull
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Being a convex padygon a convex hull can be represented by a se&uence of vertices peaing in the
clockwiseorder. We can bre& this se@uencein two parts. Let L and R be the leftmost and rightmost paintsin
this padygon (clealy aso in the given se of paints). The dockwiselisting o verticeson the palygonstarting
from L andending a R is cdled the upper hull of the given pants. Analogously, the dockwiselisting o the
verticesof the cnvex hul starting at R and ending at L is the lower hull of the given pants. If n paints ae
given, then the convex hull contains O(n) vertices(and edges. It then eadly follows that given the mnwvex
hull, we can compute the upper and lower hullsin O(n) time. Conversdy, given the upper and lower hulls,
we can compute the entire cnwvex hull in O(n) time. It, therefore, sufficesto compute the upper and lower
huls individually.

For the s&e of brevity, let meintroduce ©me notations. Let .S be the given sd of points. The convex hull
of S isdenated by CH(.S), the upper hull of S by UH(.S), and the lower hull by LH(S). We will assime that
the paintsin S arein genera position. In this cntext, this assdion indicaesthat the x-coordinates of the
pontsin S are (pairwise distinct, and also that no threeof thesepoints ae alli nea.

Preparata and Hong's divide-and-conquer algorithm

| now descibe areaursive dgorithm for computing CH( P4, ..., P,) that runs in time O(nlogn). Since
sorting n points sdisfiesthe sane time bound we may assime withou loss of generdlity that the points
Py,..., P, are dreay sorted with reged to their = coordinates Moreover, we assme that the points ae
in genera position so that the x coordinatesof P, ..., P, form a drictly increasng segquence Consider the
following reaursive dgorithm.

if (n<3) nmanually conmpute and return CH(P,...,P,);
Recursively conpute Ci = CH(Py,...,Pr/2)s
Recursively compute C: = CH(Prn 2741, --,Pn);

Merge C; and C; to C = CH(P,...,P);

Return C;

Let 7'(n) be the running time for this reaursive dgorithm. Assume that C; and Cy can be merged in O(n)
time. We then have:
T(n)=T(n/2]) +T(|n/2]) + O(n) for n> 3.

We have sea that this divide-and-conquer reaurrence hasthe lution 7'(n) = O(nlogn).
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| neal to supdy an agorithm that can merge C'; and Cs in linea time. Sincethe points ae orted and
have distinct = coordinates the left hull C is searated from the right hull C5 by a verticd strip. In view of
this, an ideaill ustrated in the ébove figure works.

A line L is cdled atangent (or a supporting line) to a mnwex padygonif it touchesthe convex paygon
and al verticesof the amnvex paygonlieon o to ore sde of L. We plan to compute the upper and the lower
tangents common to bah ¢ and Cs. We discad from bath C; and Cs al the paints grictly between these
two tangents. The remaining pants can be eafly presaited in the form of a dockwise sguence defining the
merged hul C.

Evidently, the merging algorithm runs in O(n) time, provided that we can compute the two tangents in
O(n) time. Here | descibe an agorithm for the computation o the upper tangent only. The determination o
the lower tangent can be symmetricdly handed.

The following figure ill ustrates the computation o the upper tangent. We let two pants Py, P, march
alongthe perimeters of C; and C, repedively. Initialy, P; isthe rightmost point of C; and P, the leftmost
point of C5. The point P; jumpsfrom avertex in Cy to the next vertex in the courterclockwiseorder, whereas
P, movesin the dockwiseorder along the boundary of Cs. At every intermediate instant, we chedk whether
the oriented segment P, P, is an upper tangent to C; and the oriented segment P, P; is an upper tangent to
Cy. This means that we chedk whether both the neighbaing pdnts of P; lie to the right of P, P, and bah
the neighbaing pdnts of P; lie to the left of P, ;. If this condtion is not sdisfied at P, (rep. P), we
move P; (re9. P») to the next vertex in the curnterclockwise (reg. clockwise diredion along C (re9. Cs).
Eventudly, P, and P, read the verticesdefining the upper tangent. As the following figure ill ustrates the
verticesdefining the common tangent need na be the topmost verticesof the two huls (Seethe left hull).
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!Let L bethe oriented line segment from apaint Py = (z1,1) toapant Py = (z2,y2). Asumethat P = (h, k) isany pant in
the plane. Consider the determinant:

1 X1 Y1
side(Pi, P2, P)=det | 1 z2 y2 |.
1 h k&

It turns out that the point P lieson, to the left, or to the right of the oriented line L acwrding as the determinant side( Py, P2, P) is
zero, positive, or negative, respedively.



The following code snippet summarizesthe dgorithm for computing the upper tangent.

Initialize P, to the rightnost point of the left hull Ci;
Initialize P, to the leftnost point of the right hull Cs;
while (PiP> is not a common tangent to C; and C3) {
while (PP, is not an upper tangent of C))
advance P; to the next (counterclockw se) vertex of Ci;
while (P.P; is not an upper tangent of Cj)
advance P, to the next (clockw se) vertex of Cby;

}
Return ( P, P);

Thoughintuitively clea, it demands aformal proof to setle that the bove dgorithm corredly computes
the upper tangent, i.e., the moving pdnts P;, P, do nd overshod the reedive verticesof tangency on C;
and Cs. | leave the proof to the reader as an exercise and concentrate on the running time of the dgorithm.

Let ~; and hy be the numbers of verticesin C; and C, repedively. Thoughwe have aneged loopin the
code, every step in the walk advances éher P, or P,. Therefore, after at most iy + ho steps, the walk stops.
Sinceh; + hy < n, we mnclude that the upper tangent can be computed in O(n) time.



