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Chapter 5 : Unitsin number rings

There are just two units in Z, namely +1. In a general number ring there may be many more units. For
example, all the units in the ring Z[i] of Gaussian integers are £1, +i. There may even be an infinite number
of units in a number ring. It will be shown in due course that (1 + v/2)", n € Z, are all the units of Z[+/2].
For all n # 0 the absolute values of £(1 + +/2)" are different from 1. Z[+/2] is a PID. So we can think
of factorizations in O := O, 5 as element-wise factorizations. To start with we fix a set of pairwise
non-associate prime elements of . Every non-zero element of O admits a factorization up{* - - - pé for
prime ‘representatives’ p; and for a unit u of the form (1 4+ +/2)™. Thus in order to complete the picture
of factorization we need machineries to handle the units in a number ring.

The biggest theorem in this chapter is Dirichlet’s unit theorem that explains the group structure of © 7 for a
number field K. In the process | will introduce a branch of mathematics (now more or less dead) known as
the Geometry of numbers. The proof of Dirichlet’s unit theorem is not very illuminating, but its implications
are profound. Let’s go ahead!

5.1 Some basic properties of units

As done in the last few chapters, let us fix the letter K to denote an arbitrary number field of degree d and
signature (r1,72). We have d = r1 + 2ry. Let us name the real embeddings of K as o1,...,0,, and the
properly complex embeddings of K as oy, 41,...,0p+ry, Or 415 - - -, Ory+ry, Where bar denotes complex
conjugate. We will assume that o is the identity embedding of K. The set of units in O := O x will be
denoted by i := Ux := O*. We know that i1 is an (Abelian) group under (complex) multiplication. Our
basic aim in this chapter is to reveal the structure of the group 4.

Every Abelian group is a Z-module and, if finitely generated and not free, contains torsion elements, i.e.,
(non-identity) elements of finite order > 1.1 4l always contains the element —1 of order 2. The torsion
subgroup of 4 is denoted by R := R := Uiors. Thus U = R x &, where & is a torsion-free group. | will
show that $4 is a finite group and that & is finitely generated and hence free, i.e., & = Z?” for some p € Z.
From Dirichlet’s unit theorem (that I will prove in Section 5.3) it follows that p = 7y + 79 — 1. Thus &
has a Z-basis consisting of p elements, say ¢1,...,&,, and every unit of 4[ can be uniquely expressed as
wESL- -+ €57, where w is a root of unity and e; € Z.

The following characterization of units of O is very important.

5.1 Proposition Leta € O. Then a € 4, if and only if N(a) = £1.

Proof [if] Let 8 := [I%, 0;(a). Then af = N(a) = £1. Now 8, being a product of algebraic integers, is
in A and, being equal to +a~ 1, isin K, i.e.,, 3 € O = AN K. Therefore a € {L.

[only if] @ | 1in O, so that N(«) | N(1) = 1 in Z. Thus we must have N(a) = £1. <

Note that this proposition does not prevent an element of K \ © from having norm +1 (Exercise 5.1.1).
Also for « € i the condition N(a) = +1 does not necessarily imply that the absolute value |a| is 1. | will
now prove that the number of units of © all the conjugates of which have bounded absolute values is finite.
More generally:

5.2 Proposition Let B be a given positive integer (or real number). The number of elements « € ©O for
which |o(a)| < B for every complex embedding o of K is finite.

1Every finitely generated torsion-free module over a PID is free.



Page 2 of 11 MTH 617 Algebraic number theory

Proof For such an element « the minimal polynomial minpoly, o(X) € Z[X] has degree dividing d and

has all coefficients with absolute values < max(1,dB, (4) B2, (%) B3, ..., B%). Since there are only finitely
many such polynomials and each such polynomial has < d roots, the result follows. |

5.3 Proposition The torsion subgroup % of 41 is finite. In particular, 2R is cyclic.

Proof Leta € $Rand let m be the smallest positive integer for which o™ = 1, i.e.,  is a primitive m-th root
of unity. Since Q(«) is a subfield of K, it follows that ¢(m) | d. This means that m can assume only finitely
many values. Since for each such m the number of primitive m-th roots of unity is finite (namely ¢(m)), R
is finite. The last statement of the proposition follows immediately from Theorem 1.77. |

Thus R = p,,, for some m € N with ¢(m) | d, where p,,, denotes the (multiplicative) group of m-th roots
of unity. Since for each u € R we have —u € fR, it is evident that m = |2R] is even. Note that we may have
¢(m) < d (Exercise 5.1.2).

Exercisesfor Section 5.1

. (@) Give an example of a number field K and an elementa € K \ O x with N(a) = 1.
(b) Give an example of a number field K and an element o € K \ O g with N(a) = —1.
(c) Give an example of a number field K and an element a € Lk with |a| > 1.

(d) Give an example of a number field K and an element a € g with |o| < 1.

. (a) Find all the even integers m satisfying ¢(m) | 2.
(b) For each m of Part (a) give an example of a quadratic number field K for which R = pi,.

. (@) Let K be a real quadratic number field. Show that the only units of £ g of finite order are +1.
(b) Let K be a number field of odd degree d. Show that the only units of O g of finite order are +1.

. Let K be a number field, O := Ok, U := Ug, R := Rk and a € O. Show that:
(@ a € 4, ifand only if minpoly, (0) = +1.
(b) a € fR,ifandonly if |o(a)| = 1 for every complex embedding o of K.

. Let p be an odd prime, w,, a primitive p-th root of unity and K := (w, ) (so that O x = Z[w,]). Show that the torsion
subgroup of Uk is Rk = {£w} | i =0,1,...,p — 1}. In particular, R = psp.

5.2 Latticesand Minkowski’stheorem

As mentioned earlier, the main goal of this chapter is to prove that the torsion-free part of ${ = g is of
finite rank equal to vy + 7 — 1, where (1, 72) is the signature of the field K. A popular approach to achieve
that is by using the Geometry of Numbers, a field of mathematics introduced by Minkowski. One
starts with the following basic definition.

5.4 Definition Letm,n € Z,, m < nand {by,...,b,} a set of m R-linearly independent vectors of
R"™ .2 The set A of all Z-linear combinations of by, ..., b,,, i.e., the set of elements of R” of the form

uiby + - +umby, wu; €Z,

2L et us plan to denote vectors of IR™ by lower-case bold-face Roman letters. A vector b of R™ is an n-tuple (b1, ba, . .., by)
with each b; € R. It is often convenient to treat b as the 1 x n matrix (b1 b2 --- by ), i.e., as an n-dimensional row vector.
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is called an m-dimensional lattice in R® witha basis (by,...,b,). If m = n, then Ais called a
full lattice of R".

55 Example Z" = {(u1,...,un) | ui € Z} is a full lattice of R™ with the canonical basis
(e1,...,€n), where e; := (0,...,0,1,0...,0) (1 in the i-th position). A lattice need not have a unique
basis. For example, Z2 has the canonical basis ((1,0), (1,1)). ((2,3),(1,2)) is also a basis of Z2, since
(1,0) = 2(2,3) — 3(1,2) and (0,1) = —(2,3) + 2(1,2).

5.6 Proposition Let A be a full lattice of R™ with basis (b4, ...,b,). Then the vectors cq,...,c, € R?
constitute a basis of A, if and only if (¢;;) = T (b;; ) for some n x n matrix T with integer entries and of
determinant +£1.2 (Here b;; (resp. c;;) refers to the j-th component of b; (resp. ¢;).)

Proof [if] Since T has integer entries, each c; € A. Furthermore since det T = +1, T is invertible and
T~ has integer entries. Choose any x € A. Since (by,...,b,) is abasis for A, we have integers w1, ..., u,
with X = u1by + ugbgy + --- + u, b, = (u1 Ug - un)(b,]) = (u1 Ug - un)Tfl(Cz'j) =
(vi wg -+ wy)(cij) =viC1 +v2Cy + - -+ + vuCp, Where vy, ..., v, are integers. Thus X is in the Z-
linear span of ¢y, ...,Cp. Also det (¢;; ) = +det (b;;) # 0, sothatcy,...,cy are R-linearly independent.

[only if] Clearly each c; belongs to A. Since by,...,b, form a basis of A, every c; can be written as
a Z-linear combination of by,...,b,. Therefore there exists a matrix T" with integer entries satisfying
(cij) =T (bsj). Now (cq,...,Cp) is also a basis of A and b; are in A. Hence there exists another matrix S
with integer entries satisfying ( b;; ) = S (¢;; ). Thus (b;;) = ST (bs; ). Taking determinants and observing
the facts that (b;;) is nonsingular (by,...,b, being linearly independent) and that det S,detT € Z
complete the proof. |

5.7 Corollary Let A be a full lattice of R™ and let (b4, ...,b,) and (cy,...,cy,) be two bases of A. Then
|det (bi; ) | = |det (c;; ) |. Thus the value | det ( b;; ) | is independent of the choice of the basis (b1, ..., by)
of A and is an invariant of A. <

5.8 Definition Let A be a full lattice of R™ with basis (by,...,b,). The value |det (b;; )| € Ris called
the determinant of A and is denoted by A(A). Itis also common to call A(A) the discriminant of A.

It follows from elementary calculus that A(A) is equal to the volume* of each of the fundamental
parallelepiped

Px:Z{X+Zuibi|0<Ui<1}, X € A.

=1

The fundamental parallelepipeds Px are pairwise disjoint and cover R" (i.e., R* = Uy Px).

I will now prove a theorem due to Minkowski, which states that a subset €2 C R™ meeting certain restrictions
(that I will state later) will have to contain a non-zero point of a full lattice A of R™, whenever the volume
of Q is ‘sufficiently large” compared to A(A). | start with the following lemma:

3A square matrix with integer entries and with determinant +1 is often called a unimodular matrix.

“Here | use the term ‘volume’ rather intuitively without making an attempt to define it rigorously. A cynical reader may think
of volume as a measure, for example, the Lebesgue measure, on R™, provided that this new term continues to make sense to
him/her. For the time being it is sufficient to concentrate on regions Q C IR™ whose ‘volumes’ can be calculated using the standard
techniques of integral calculus.
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59 Lemma [Blichfeldt’s theorem]® Letn € N, A a full lattice in R”, and let @ C R™ have
volume > A(A). Then there exist two distinct points x; and x in © such that x; — X2 € A.

Proof Foreachy € A define Qy := QNPy. Then (y are pairwise disjoint and cover €2. Thus the volume of
Q is the sum ZyeA vol(Qy). The translation of each Qy by —y shifts the region Qy in the parallelepiped Py
to the region 2y —y inside the parallelepiped P := Pg. We clearly see that these translations do not change
the volumes of Q2y and thus the volume of € equals -y , vol(Qy —y). Since A(A) = vol(P) < vol(€), it
follows that we have some y; # y, € A for which there is an overlap of Qy —y, and Qy, —y,, i.e., there
are points X; € Qy and Xp € Qy_ with X; —y; =Xz —Y,. Butthenx; —Xo =y, —y; € A. |

The main theorem of this section is an easy corollary to the last lemma and the following definitions.

5.10 Definition Let € be a subset of R™. We call 2 symmetric (about the origin), if —x € Q whenever
x € Q. Qiscalled convex, if x;,xo € Q implies that the line segment joining x; and x, is completely
contained in Q, i.e., tx; + (1 —t)xg € Q forall t,0 < ¢ < 1.

5.11 Theorem [Minkowski’s convex-body theorem] Letn € N, A afull lattice in R™ and Q2
a symmetric and convex subset of R™ with vol(€2) > 2"A(A). Then € contains a non-zero point of A.

Proof Define the region € := {x € R" | 2x € Q}. Then vol(3€2) = 5-vol(€2) > A(A). By Lemma 5.9
there exist distinct points y;,y, € %Q suchthat0 # x:=y; —y, € A. Nowy, = %xl and y, = %XQ for
some X1, X € . Thus X = $X; — 3Xo = 1X; + (1 — 3)(—X). Since Q is symmetric, —x € 2. Moreover
since € is convex, X € €. <

It can be shown that if the convex and symmetric region 2 of Theorem 5.11 is also compact (i.e., closed and
bounded), then the condition vol(€2) > 2" A(A) is sufficient for €2 to contain a non-zero point of A. If Q is
not compact, we need the strict inequality vol(Q2) > 2" A(A).

Though Minkowski’s theorem is fairly intuitive and straightforward to prove, it has important consequences.
In the next section we will prove Dirichlet’s unit theorem using Theorem 5.11. The Minkowski bound
(Equation 4.4) can also be derived following this line of thought (Exercise 5.3.8). For the time being let us
concentrate on an equivalent characterization of a lattice.

5.12 Definition The n-dimensional closed ball (or sphere) B, , of radius » and with center at the
origin is defined as

By, = {X = (r1,...,z,) € R"

= \/al 4ol <)

If n is understood from the context, one can abbreviate B, . as B,. A subset A of R™ is called discrete,
if AN By, is afinite set for every positive real number .

5.13 Proposition A subset A of R™ is a lattice, if and only if A is a discrete (additive) subgroup of R™.

Proof [if] Let A be a discrete additive subgroup of R™ and let {c1,...,Cn} C A, 0 < m < n, be amaximal
set of R-linearly independent elements of A. If m = 0, then A = {(0,0,...,0)} is the 0-dimensional lattice.
So let us assume that m > 1 and prove by induction on m that A is an m-dimensional lattice of R™.

5The original version of Blichfeldt’s theorem (1914) states that if a bounded region Q C R? is of area > m (for some m € N),
then © can be so translated as to contain at least m + 1 points of the integer lattice Z2. This theorem can be generalized for any
lattice and for any dimension n. We are here interested in the special case: m = 1.
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If m = 1, every x € A is a real multiple of ¢;. Since A is discrete by hypothesis, it is easy to see that
the set {a € R | a > 0,ac; € A} contains a minimal element, say b. Define b; := bc; € A. | claim
that every x € A is an integral multiple of b;. Clearly the claim holds for x = 0. So assume x # 0
and write x = ab; for some ¢ € R\ {0}. Writing ¢ = |a] + r for some r, 0 < r < 1, we get
rbc; = rby = (a — |a])by = X — |a| by € A. The choice of b then forces rb = 0, i.e., r = 0, i.e.,
X = |a] by. It follows that A = Zby, i.e., A is a one-dimensional lattice of R™.

Now assume that m > 1 and that the result holds for m —1. Since A’ := ANV, V' :=Rcqy + - -+ + RCpp—_1,
is a discrete subgroup of R™ containing {C1,-..,Cmn—1} as @ maximal subset of R-linearly independent
elements, by the induction hypothesis A’ is an (m — 1)-dimensional lattice with some basis (b1, ..., b, 1).
But then (by,...,b;—1,Cp) is an R-basis of V' := Rcy + --- + Rc,,. Therefore every x € A C V
can be written as X = a1b; + -+ + apm_1by-1 + amCy With a; € R The set {a,, € R | a,, > 0,
a1by + -+ am_1bm_1 + amCn € A with |a;| < 1 for 1 <4 < m} is non-empty (since c,, € A, so that
1 belongs to this set) and by the discreteness property of A contains a minimal element, say b. Choose any
by, :==biby + -+ + bp_1bm_1 + bC,p, € A. Clearly by, ..., b, are R-linearly independent and span V.

What remains is to show that every x € A is a Z-linear combination of b4, ..., b,,. This being obvious for
x = 0, take x # 0 and write X = a1b; + - - - + a, by, for some real a; = |a;| + 7, 0 < r; < 1. Consider
yi=X— (Lalj by +---+ [amJ bm) =rbi+---+rpby = s1b1+ -+ sp_1bm—1 + rm by € A, where
si=1; +rmb; for1 <i <m— 1. Butthen (s — |s1])b1+ -+ (Sm-1 — [Sm_1])Pm_1 + rmbCm € A
and so the choice of b forces r,,, = 0, i.e., y = mby + -+ +rp_1bn_1 € ANV’ = A’. Therefore
y=cbi + -+ ¢pn_1by,1 for some integerscy, .. ., ¢—1 and consequently X = (¢; + |a1])br + -+ +
(Cm—l + Lam—lj)bm—l + I_amJ bm € Zby + -+ + Zby,.

[only if] A lattice A of R™ is clearly an additive subgroup of R™. Let m be the dimension of A. If m = 0,
then A = {(0,0,...,0)} is evidently discrete. So assume that m > 1 and let (by,...,b,,) be a basis

of A. Then by,..., by, span an m-dimensional R-subspace V' of R™. The bijective linear transformation
T:V = R™ b; — e; (where (e1,...,€,) is the canonical basis for R™) maps A to the full lattice
AN :=7(A) =2Z™ = {(u1,...,um) | ui € Z} of R™. For every positive real number ' the condition
(w1, ..., um) € By, implies that each |u;| < 77, i.e., A’ N By, - is finite. Now choose a real number r > 0

and look at [ANB,,| = [ANV NB,,| = |7(ANV NB,,)| = |A'N7(VNB,,)|. Since the region
T(V NBy,) is bounded® in R™, we can choose a real ' > 0 such that 7(V N Bn,) C Bp,~. Butthen
IANBy,| <[A'NBpy | < c0. <

5.14 Example For any irrational (real number) ¢ the elements 1 and ¢ are linearly independent over Z and
hence A := Z + Z¢£ is a free Abelian group of rank 2. But A is not a lattice of R, since 1 and ¢ are linearly
dependent over R. The set {u + v | u,v € Z} is dense in R and so A is not a discrete set.

Exercisesfor Section 5.2

. (8) Show that 2" A(A) is the best possible bound on the volume of Q in Minkowski’s convex-body theorem.
(b) Show that symmetry and convexity are both individually necessary for Minkowski’s convex-body theorem.

. Let A be a full lattice of R™ and Q a symmetric convex subset of R” with vol(2) > 2" A(A). Show that 2 contains
at least three points of A.

. Let A be a full lattice of R™. Show that there exists a non-zero point x = (z1,...,2,) € A with |z;| < 3/A(A) for
all i = 1,...,n. Conclude that the shortest non-zero vector of A is of length < +/n 3/A(A).

®The map 7 is a homeomorphism of V onto IR™ and hence preserves compactness. In R*, & € N, the term ‘compact’ is
synonymous with ‘closed and bounded’.
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. [Minkowski’s linear forms theorem] Let A := (a;;) beann x n matrix with real entries and with
det A # 0. Further let Ay, ..., A, be positive real numbers with A; - -- A, > |det A|. Show that there exist integers
Z1,...,Zn, NOtall zero, such that | Z?:l aijxj| < X foralli=1,... n.

. As a sample application of Minkowski’s convex-body theorem this exercise demonstrates a proof of the fact that every
prime p is a sum of four squares of integers. Since 2 = 12 + 12 4 0% + 02, let us concentrate on p > 2.

(@) Show that the congruence z2 + y% + 1 = 0 (mod p) has a solution for (z, y).
(b) Let (z,y) be a solution of the congruence of Part (a). Define

A :={(a,b,c,d) € Z* | ¢ = za + yb (mod p),d = ya — zb (mod p)}.
Show that A is a full lattice of R* with discriminant A(A) = p?. (Hint: (1,0,z,v), (0,1,y,—=), (0,0, p,0) and
(0,0,0, p) constitute a basis of A.)

(c) Show that the ball B4, contains a non-zero point of A, if r? > %p = (1.8006326323 .. .)p. (Hint: You may
assume that vol(By ) = w2r/2.)

(d) If %p < r? < 2p, conclude that every non-zero point (a, b, c¢,d) € A N By, satisfies a? + b% + ¢2 + d2 = p.

5.3 Dirichlet’s unit theorem

Now back to the business — the units in K. We continue to use the notations introduced at the beginning of
Section 5.1. In order to bring lattices in the scene one uses the complex embeddings of K.

5.15 Definition The map
L:K* SR g (ln|01(a)|, ...,In|op ()], 21n |0y 11(e)], ..., 21n |a,1+r2(a)|),

is called the logarithmic representation orthe logarithmic map of K (or K*). The restriction
of L to 4 will be denoted by £ := L. The space R *72 js called the logarithmic space of K. Let
us denote the coordinates of the logarithmic space by =1, ...,z +r,, Where z; represents In|o;(«)|. The
hyperplane  : z; + -+ - + z,, + 224,41 + -+ - + 22,4, = 0 Of the logarithmic space is of importance in
what follows. We have dim$) = 71 + 79 — 1.

First let us look at the immediate properties of L (and £).

5.16 Lemma (1) L is a homomorphism of the multiplicative group K* to the additive group R™ 72, In
particular, £ is a group homomorphism from { to R™ +72,

(2) Ker £ = R. In particular, Ker £ is finite.

(3) Im £ is contained in the hyperplane $ and is isomorphic to &.

Proof (1) Foreach o, € K*andi € {1,...,r; + r2} we have o;(af) = o;(a)oi(B) (o; being a field
homomorphism), so that L(a8) = L(a) + L(B).

(2) Since R = p,y, forsome m € N, foreach @ € Randi € {1,...,r; +r2} we have o;(a)™ = o;(a™) =
oi(1) = 1, i.e, |oj(a)] = 1. Thus R C Ker £. Conversely if o € Ker £, we have |o;(a)| = 1 for all
i =1,...,d. This implies that |o;(«™)| = 1 for all 7 and for all n € N. By Proposition 5.2 « can not be of
infinite order, i.e., a € fR.

(3) Let « € 4. By Proposition 5.1 we have 1 = |N()| = [T/212" |o4(a)|. NOW 0, 41yt j(@) = 0y 4i()
foreach j = 1,...,r9,s0that 1 = (Hgl \Ji(a)|) (Hggﬁl |az-(a)\2). Taking logarithm we conclude
that £(a) € 9, i.e., Im& C §. Finally & = 9, x & and hence by the isomorphism theorem we have
Img=4/Kerf =U/R=6. <
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5.17 Theorem Im £ is a lattice of R "2 of dimension < r1 +r9 — 1. In particular, & is finitely generated
withrank < ry + 79 — 1.

Proof I will first show that Im £ is a discrete subgroup of R %2, Choose any real > 0. The ball
By, +ry,r IS cOntained in the cube Cy 4y, ,» == {Xx € R | |z;| < rforalli}. Let o € Y be such that
L(a) € Brigror 18, £(@) € Cpigroy, 18, |oi(a)| < expr foralli = 1,...,d. By Proposition 5.2
the number of such « is finite, i.e., (Im £) N B,, 4., , is a finite set. Hence Im £ is a discrete subgroup
and thereby a lattice of R™*"2 (Proposition 5.13). Moreover since Im £ C §, the dimension of Im £ is
< dim$ = r; + r9 — 1. The last assertion in the theorem follows from the fact that & = Im £. <

So far so good! It is at least proved that the free part & of 4l is of finite rank, i.e., is finitely generated. The
rank of & is no more than 1 + ro — 1. It turns out that the rank of & is exactly equal tory + ro — 1. Itis
by no means an easy task to prove this. If r; + ro — 1 = 0, then there is nothing to prove. So let us assume
that 1 + 79 — 1 > 1 and proceed by proving a series of auxiliary results. First we have to look at a different
kind of lattices. We again consider the complex embeddings of K.

5.18 Definition The map
c: K—>R'"xC?, a— (01(04), vy o (@), 00, 11 (@), - - ,07«1+,~2(a)),

is called the canonical embedding of K in R™ x C". Here we focus on the additive groups of K
and R™ x C"2. Using the standard R-basis (1, i) of C one can identify R™ x C"2 with R™ x R?r2 = R¢
and so o can be thought of as a group homomorphism from (K, +) to (R?, +).

5.19 Proposition Let a be a non-zero ideal of O. Then o(a) is a full lattice of RY with discriminant
A(o(a)) = 27" N(a)/[Agk]. In particular, o(9) is a full lattice of R¢ with A(a (D)) = 27 "2/[Ak].

Proof Let (y1,...,74) be an integral basis of a. It suffices to show that o(y1),...,0(y4) are linearly
independent over R, i.e., to show that the matrix

01('71) O'T1('71) Rear1+1('71) ImUT1+1(71) ReUT1+T2('71) ImUT1+TQ('71)
a1(y2) -+ or(72) Reory1(y2) Imoy 11(72) -+ Reor i (y2) Imor 1, (72)

o1(va) -+ or(va) Reor41(va) Imop 11(va) -+ Reor vy (va) Imor r,(va)

has non-zero determinant. Consider the matrix

o1(1) -+ o (1) o) 0 O (1) Orp1(1) o Orir (1)

o1(y2) -+ or (72) Orr1(72) O (12) Or1(72) ot Orpary(72)
B :=(0j(m))= . . . . . .

o1(va) =+ or(Va) Orr1(va) 0 Orar(Va) Orr1(Ya) r Orars(Ya)

Adding the (r1 + 9 + 1)-st column to the (r; + 1)-st column of B gives twice the (r; + 1)-st column of
A. Subsequently subtracting half the (r; 4+ 1)-st column from the (r1 + 72 + 1)-st column of (the modified)
B gives —i times the (r; 4+ 2)-nd column of A. Proceeding in this way for all j = 2,...,r, shows that
|det B| = 272|det A|. But0 # A(a) = A(v1,---,74) = (det B)?, which shows that det A # 0. Moreover
A(o(a)) = |det A| = 27"2|det B| = 27"2/|A(a)| = 2772 N(a)+/|A k|, where the last equality follows
from Corollary 4.22. <

The canonical embedding of K in R™ x C"2 leads to a generalization of the concept of norms.
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5.20 Definition Letx := (z1,...,%,21,...,2r,) € R x C™2, where z; are real numbers and z; are
complex numbers. (x can be viewed as the d-tuple (z1,...,z,,,Rez;,Imz,...,Re 2.,,Im z,,) under the
identification of R"* x C"2 with R?.) We define the norm of x as

N(X) :=Z1 - Tp 2121+ * Zpy2ry-

Clearly N(a) = N(o(a)) for a € K, where the norm of the left hand side corresponds to Definition 3.8.

Since R™ x C™ is also a ring (It is in fact an R-algebra.), one can define the product of two elements

X = (T1,.00y Tpyy 21,5 2ry) ANA X = (2],...,20 ,2],...,2],) of R x C"2 as the coordinate-wise
product xx' := (z124, ..., % T}, 212], - . - , Zr, 2},), Which viewed as an element of R? is to be identified
with (z12%, ..., 2, 2, ,Re(212]),Im(212]), ..., Re(2p,2.,), Im(2r,2.,)).” Clearly this new norm function

is multiplicative, i.e., N(xx') = N(x) N(x') for every x,x" € R™* x C2. Let us also define the set

Xo(9) :={xo(a) | € O} CR" x C™2.

5.21 Proposition Forx € R™ x C"2 with |N(x)| # 0 the set xo () is a full lattice of R¢ with discriminant
A(xa(9)) = 27 N[V I|AKk]-

Proof The proof is similar to that of Proposition 5.19. If (y1,...,74) is an integral basis of K, then it
suffices to show that xo(y1), . . ., Xo(y4) are R-linearly independent. The details are left to the reader. <«

Now we have the requisite machineries to prove the unit theorem. In what follows let us denote by Ax the
lattice xo () of RY.

5.22 Theorem [Dirichlet’s unit theorem] Im £ is a lattice of R™ *72 of dimension r; + o — 1,
i.e., & is a free Abelian group of rank 71 + 7 — 1.

Proof Let X := {x € R x € | } <IN(X)| < 1}. We have 27"2~1\/[AL] < A(Ax) < 272/[AK]
for every x € X. Choose any convex closed bounded symmetric region ©Q of R™ x C™ having
vol(Q2) > 2mt72/|Ak|. By Minkowski’s convex-body theorem (5.11) for each x € X there exists a
non-zero « € O such that Xo(a) € Q. Since points in £ have bounded coordinates, we have a positive real
constant B depending on € such that |N(y)| < B/2 for every y € Q. Then for each x € X and o € O with
xo(a) € 2 we have [N(xo(a))| = [N(X)[[N(o(a))| = IN(X)|[N(e)| < B/2, so that [N(a)| < B.

Now consider the set S consisting of the non-zero principal ideals a©O for which xo(«) € € for some
x € X. For each aD € S we have N(a9O) = |N(«)| < B. By Proposition 4.29 S is a finite set, say S =
{19,...,O}. Then for every x € X and 0 # a € O with Xo(a) € Q we have aO = o;©O for some
i € {1,...,k}, ie, a = &aq; for some unit ¢ € 4, i.e., xo(¢) = xo(aa; ) = o(a; )xo(a) € a(a;1)Q.
The region Q' := le U(ai_l)Q C R x C is bounded (since 2 is so), i.e., for every x € X we have a
unit £ of O such that the absolute value of each coordinate of xo(§) is < M for some finite bound M > 0
that depends on Q’ (and not on x).

For each i € {1,...,71 + ro} choose a point X; = (z;1, ..., Tir 4r,) € R x C with |z;;] = M for
§ # i and with |z;;| so adjusted that |[N(x;)| = 1. Then each x; € X and hence we have a unit &; € {f such
that XiO'(fi) = <.’L'Z'101 (fz), <oy Tip Oy (fi),.’lii,,,-l_|_10'rl+1 (fz), e 7~77i,7"1+r20'7"1+r2(§i)) € Q!. The absolute
values of the coordinates of x;o(¢;) are < M and so |o;(&;)| < 1, i.e., In|o;(&)] < 0 for j # i.

Finally let us come back to our old lattice Im £ = £(4) = £(&8) of the logarithmic space R™ *"2 of
K. We have seen (Theorem 5.17) that Tm £ has dimension < r1 4+ ro — 1. | now claim that the vectors

"xx' is not to be identified with (z12, ..., ,, 2, ,Re(21) Re(21), Im(21) Im(2}), . . ., Re(zr,) Re(z,), Im(2,,) Im(27., ).
We identify Rt x Cr2 with IR? as an R-vector space, not as a ring.
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L&), (&1 +ro—1) € Im £ are R-linearly independent, so that Im £ has dimension > r1 + 5 — 1,
thereby proving Dirichlet’s unit theorem.

For the proof of the claim just mentioned let us project the (r; + r2)-dimensional vectors £(&;) to R +72—1
by dropping the last coordinate® and show that the matrix A := (Lij) _4 Is non-singular, where
I = { In|oj(&)] forl<j < 1y

21n|0](§z)\ fOTT1+1<]<T1 + 7o — 1.
since N(&;) = +1, we have E;S;”_llij = —eln|oy,4r,(&)| > 0 fori < r; + 79, where € is 1 or 2
depending on whether ro = 0 or ro > 0 respectively. It is left to the reader as an easy exercise to show
that the above two conditions on the coefficients /;; of A are sufficient to prove the non-singularity of A
(Exercise 5.3.2). |

1<, j<ri+re
We have seen that I;; < 0 for ¢ # j. Furthermore

That’s it! And it’s already too much for a theorem with such a simple statement! The above proof for the
unit theorem is not constructive, i.e., it does not specify how to compute a set of generators of & (often
called a set of fundamental units of ). For real quadratic number fields one can use the theory of
continued fractions® to compute the fundamental unit.

5.23 Example Let D # 0,1 be a square-free integer, K := Q(v/D) and © := Og. If D < 0, then
the signature of K is (0,1) and the rank of is0+1 —1 =0, i.e., & = R = pu,, for some even m with
¢(m) = 1or2. Thatis, 4 is finite in this case. (See Exercises 5.1.2 and 5.3.3.)

For D > 0 the signature of K is (2,0), i.e., the rank of & is 2 + 0 — 1 = 1. This means that © contains an
infinite number of units. Let £ be a fundamental unit of ©. Then every unit of O is of the form ££™, n € Z
(Exercise 5.1.3). The question is how to compute ¢ for such an O.

First consider the easier case D = 2,3 (mod 4). In this case every element of © is of the form a + bv/D
with a,b € Z. For a + bv/D € i the condition N(a + bv/D) = +1 implies that a®> — Db?> = +1.2° Since a
solution (a, b) of these equations gives four solutions (+a, +b), we need to concentrate only on the solutions
with @ > 0 and b > 0. Furthermore the only solutions with ab = 0 are (1, 0), so that we may consider
a > 0andb > 0only.

The solutions of the equations a? — Db? = +1 are related to the the (simple) continued fraction expansion
of v/D, which is periodic and is of the form (ag, a1, - .., ar—1, 2ag).** The (least) period of this expansion is
r > 1. Let hy /kn, n € Z ., be the convergents of the expansion of +/D. Then each positive solution (a, b) of
a? — Db? = +1 is from the set {(hn, kn) | n € Z 1 }. If r is even, there are no solutions of a? — Db? = —1,
whereas the positive solutions of a?> — Db? = 1 are given by (hy, 1, kny—1) for alln € N. If 7 is odd, then
the positive solutions of a? — Db? = —1 are (hyr_1, knr—1) for all odd n € N, and the positive solutions
of a®> — Db? = 1 are (hyr—1,knr—1) for all even n € N. In either case we can name the positive solutions
of a2 — Db? = +1 as (an,by) = (Apr—1,knr—1), » € N. Then a,, + b,v/D = (a1 + b1/ D), that is,
¢ :=ay + VD = h,_1 + k,—1V/D is a fundamental unit of ©O.

The following table gives the (positive) fundamental unit ¢ > 1 of O for some small positive square-free
values of D = 2,3 (mod 4).

8The last unit &,, 4+, and the last coordinate were dropped on aesthetic grounds. Dropping the 4-th vector and (hence) the i-th
coordinate would have served our purpose equally brilliantly forany z € {1,...,r1 +r2}.
9See any book on elementary number theory, say, the book by Niven, Zuckerman and Montgomery.

The Diophantine equation 2> — Dy® = 1 isknown as Pell’s equation after John Pell. However John Pell contributed
very little to solving or even noticing this equation. The equation bears his name owing to a mistake of Euler who supposedly
wanted to give the credit to Brouncker, the founder of continued fractions. What would better be called ‘Brouncker’s equation’ has
been since then (and till now) erroneously dubbed as Pell’s equation.

This property of the continued fraction expansion of /D is true even when D = 1 (mod 4). What is demanded is that D
should be square-free.
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D VD r hy_1/kr_1 4

2 (1,2) 1 1/1 1++2

3 (1,1,2) 2 2/1 2++/3

6 (2,2,4) 2 5/2 5+ 26

7 (2,1,1,1,4) 4 8/3 8+ 3V7
10 (3,6) 1 3/1 3++/10
11 (3,3,6) 2 10/3 10 + 3/11
14| (3,1,2,1,6) 4 15/4 15+ 4/14
15 (3,1,6) 2 4/1 44+/15
19 | (4,2,1,3,1,2,8) 6  170/39 170+ 39v/19

Note that the fundamental unit £ may be quite large even for small values of D. For example, the continued
fraction expansion of /991 is

V991 = (31,2,12,10,2,2,2,1,1,2,6,1,1,1,1,3,1,8,4,1,2,1,2,3,1,4, 1,20, 6, 4,31,
1,6,20,1,4,1,3,2,1,2,1,4,8,1,3,1,1,1,1,6,2,1,1,2,2,2,10,12, 2, 62),

which corresponds to a period of » = 60, so that

& = hsg+ k59991
= 379516400906811930638014896080 + 12055735790331359447442538767+/991.

Now let us consider a positive square-free integer D = 1 (mod 4). In this case the elements of O are of
the forma + b (#) with a,b € Z. Putting x := 2a + b and y := b allows us to rewrite this element as
(z + yv/D)/2, where z and y are integers of the same parity. Applying the norm condition on a unit of this
form implies that 22 — Dy? = +4. Since D is odd, any integer solution of these equations corresponds to
z and y of the same parity and therefore to a unit of ©. As in the previous case we need to concentrate only
on the positive solutions of z2 — Dy? = +4.

In this case also the continued fraction expansion of v/D helps. Let VD = (ag,a1,...,a,_1, 2ag) With
least period r. We compute the least positive solution > 1 of a2 — Db? = +1 asn := h,_1 + kr—1VD.
Clearly 27 (i.e., (2h,_1, 2k,_1)) satisfies 2 — Dy? = +4, i.e., n is a unit in . But the fundamental unit
¢ := (u+vvD)/2 > 1 of O may be smaller than ¢. One has:

¢ ifD=5(mod8)andu =v =0 (mod 2),

¢ ifD=1 (modS8),
n:
{{3 if D=5 (mod 8) and u = v = 1 (mod 2).

Since u and v are not known in advance, one should try to compute the cube root of 7 in O (for the case
D =5 (mod 8)). If the attempt is successful, one gets ¢ = nl/3 (the real cube root), otherwise one takes
& = n. The following table supplements the previous one by listing the fundamental unit ¢ > 1 of O for
some small square-free D = 1 (mod 4).

D VD

r he—1/kr—1 Ul €
5 (2,7) 1 2/1 2+v5 3 =(1+5)/2=0+1 (1+2¢3)
13| BTLLLE) 5 185  18+5/13 7Y/3=(3+VI3)/2=1+ (1+;/ﬁ)
17 (4,38) 1 41 4+ V17 n=4+\/ﬁ=3+2(1+;/ﬁ)

For a general number field computing a set of fundamental units can be carried out by discovering pairs
(a,B) € O? with N(a) = N(B) = m for some small integer m. Since there are only finitely many
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(principal) ideals of O of norm m, there is a finite (i.e., non-zero) chance that «O = 89. If so, o/ is a unit
of ©. When many units are available in this way, we have to find out a set of r +79 — 1 linearly independent
units. Suitable roots of these linearly independent units will give us the desired set of fundamental units of O.

Exercisesfor Section 5.3
Complete the details in the proof of Proposition 5.21.

Let A := (1;; ) be ann x n matrix with real entries having the properties that /;; < 0 fori # j and that 3°%_, 1;; > 0
foralli € {1,...,n}. Show that A is non-singular (i.e., invertible). (Hint: If A is singular, the system Ax = O has a

non-zero solution x. Look at the i-th equation, where |z;| = max |z;|.)
1<

Compute U for K := Q(v/D), where D < 0 is a square-free integer.

Let « be a root of the polynomial f(X) := X3+ 10X + 1 (Show that f(X) is irreducible in Q[X].), K := () and
D = DK.

(@ Compute that A(a) = —4027 and hence deduce that © = Z[a].

(b) Show that the signature of K is (1,1).

(c) Show that ais a unit of K. (Remark: « is indeed a fundamental unit of £, but proving that requires some boring
calculations.)

(d) Concludethat g = {+a" | n € Z}.

(a) Letp e N. Find all possible values of d for which there may exist a number field K of degree d with &  having
rank p.

(b) For which values of d found in Part (a) will a complex embedding of K have a real fundamental root > 1?

Find the fundamental unit > 1 of O for K := Q(v/21), K := Q(v/22), K := Q(v23), K := Q(v/33) and for
K :=Q(/37).

Letn € N.

(@) Show that v/n2 4+ 1 = (n,2n). Conclude that if n # 2,6 (mod 8) and n? + 1 is square-free, then a fundamental
unit of Oy /pzyyy iIS1 + Vn? + 1.

(b) Showthatvn2 —1 = (n—1,1,2(n — 1)). Conclude that if n > 2 and n? — 1 is square-free, then a fundamental

(c) Show that v/n? + 2 = (n,n, 2n). Conclude that if n? + 2 is square-free, then a fundamental unit of DQ(\/nQ—H)
is (n? +1) + nvn? + 2.

[The Minkowski bound] Let K be a number field of degree d and signature (ry,r2) and let O := O x. Show
that every non-zero ideal a of O contains a non-zero element a with |N(a)| < Mg N(a), where

M= G (3) VIEA
™
is a constant that depends only on K. (Hint: Apply Minkowski’s convex-body theorem on the lattice o (a) of R™ xC"2
and on the compact region Q; := {(3:1, Ty 21, 2ry) ERT X C2 | YT 2] + 23702 7] < t} for a
suitable ¢. You may use the fact that vol(Q;) = 27 (7 /2)"2¢4/d!.)

Let K be a number field of degree d. Show that:
m\4 a2
@ 18kl > (9" (%)

(b) |Ak|>1for K #Q.
(©) |Ak| = oc0asd — oo. (Hint: Inn! =nlnn —n+ O(lnn).)

[Hermite’s theorem] Let A € N. Show that there are only finitely many number fields K with |Ag| = A.
(Hint: By Minkowski’s theorem on the lattice o(£) there exists a non-zero a € Ok with |0y ()| < v/A + 1 and
loi(a)| < 1fori=2,...,r1 +ry. Argue that K = Q(a). Also use Exercise 5.3.9(c).)
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