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Chapter 3 : Number fields and number rings

After much ado we are finally in the subject. Let me recapitulate the definitions of the basic objects. The
reader may wonder for a while why we had to be so formal and general in the last two chapters. The fact
is that more often than not the proofs for the special cases of interest in this course are no easier than those
for the general cases. That is to say that we had to prove essentially the same results in essentially the same
way with A (a general ring) replaced by © x (a number ring). We lost practically nothing by being general.
On the other hand, that general treatment should have by now given the reader the confidence regarding the
applicability of these tools in other branches of mathematics.

The extension @ C C is not algebraic (nor is the extension Q@ C R), since we all know about the
(provable) existence of real numbers like e and 7 which do not satisfy any polynomial with rational (or
integer) coefficients. Let Q denote the algebraic closure of Q in C. Clearly Q G C, since C is already an
algebraically closed field. A complex number « is called an algebraic number, if « € QQ. The (unique)
non-zero monic polynomial minpoly, (X) = minpoly, o(X) € Q[X] satisfied by an algebraic number o
is called the minimal polynomial of « (over Q). Of special interest to us are the elements o € Q for
which minpoly, (X) are in Z[X]. Such elements are called algebraic integers. The set of algebraic
integers is denoted by A and is a ring known as the ring of algebraic integers.

A finite (and hence algebraic) extension K of Q is called a number field. The extension degree
d:= [K : Q)] is called the degree of the number field K. By Corollary 1.68 K is a simple extension
of Q i.e., there exists an element & € K such that deg(minpoly, (X)) = dand K = Q(a) = Qo] =
Q[X]/(minpoly,, (X)). The field K is a Q-vector space of dimension d with basis 1, c,...,a%"!. There
exists a non-zero integer a such that 8 := aa € K is an algebraic integer and we continue to have
K = Q(B). Thus without loss of generality we may take « to be an algebraic integer. In this case the
Q-basis 1, q, ..., %! of K consists only of algebraic integers.

For a number field K the set O i := K N A of all algebraic integers contained in K is a ring (an integral
domain) called the ring of integers of K. The rings O g for number fields K are the central objects
of study in this course (if not in algebraic number theory in general). Unfortunately the rings O  are less
well-behaved than the ring Z = O of rational integers. For example, unique factorization of (non-zero)
elements into primes need not hold in O g. But we will see (in Chapter 4) that unique factorization holds in
O at the level of ideals.

Ok is a Z-module. (Any Abelian group is so.) We will prove later in this section that O g is indeed a
free Z-module of rank d := [K : Q]. But the unfortunate fact is that for K = Q(a) = Q[e] for some
algebraic integer « € K we do not in general have O x = Z[a]. For example, for K = Q(v/=3) we
have Z[v/—3] g Ok (See Exercise 2.2.7), since @ € K satisfies the monic irreducible polynomial
X? — X +1 € Z[X] and hence is a member of O g, but it clearly does not belong to Z[/—3]. However, in
this case we have K = Q(y) and O x = Z[y], where y := ”T\/*_zi But there are number fields K for which
O does not at all have a Z-basis of the form 1, v, ..., a1,

In this chapter we study the overall structures of the number fields K and their rings O g of integers. A
number field K # Q has more than one isomorphic copies sitting inside the field C. But how many such
copies are there? | start by providing an answer to this question. Next | concentrate on the Z-module
structure of Ox. | will develop the notions of traces and norms and eventually prove the existence of
(integral) bases of Ok over Z. Inner structures (ideals, units etc.) of number rings will be studied in the
following two chapters.



Page 2 of 14 MTH 617 Algebraic number theory

3.1 Complex embeddings

Let f(X) € Q[X] be an irreducible polynomial of degree d > 1. Then the field K := Q[X]/(f(X)) isa
number field of degree d and the elements of K can be represented by polynomials with rational coefficients
and of degrees < d. Arithmetic in K is carried out as the polynomial arithmetic of Q[X] followed by
reduction modulo the defining irreducible polynomial f(X). This gives us an algebraic representation of
K independent of any element of K. Now K can also be viewed as a subfield of C and the elements
of K can be represented as complex numbers.! A representation K’ C C with a field isomorphism
o: K = QX]/{f(X)) - K'iscalleda complex embedding of K in C.2 Unfortunately such
a representation is not unique as the following proposition demonstrates.

3.1 Proposition A number field K of degree d > 1 has exactly d distinct complex embeddings.

Proof  As above we take K := Q[X]/(f(X)) for some irreducible polynomial f(X) € Q[X] of
degree d. Since Q is a perfect field (See Exercise 1.5.6), the d roots «a1,...,aq € C of f(X) are all
distinct. For each s = 1,...,d the map sending X + (f(X)) — «; clearly extends to a field isomorphism
o; » QX]/{f(X)) = Q(a;). Thus we get d distinct complex embeddings Q(«;) C C of K in C. Now let
K' be a subfield of C, such that o : Q[ X]/(f(X)) — K’ is a Q-isomorphism. Let o := o(X + (f(X))).
Then 0 = o(0) = o(f(X + (f(X)))) = f(c(X + (f(X)))) = f(a). Thus « is a root of f, i.e.,
a = a; forsome i € {1,...,d}. Butthen K/ = Q(«;), since K’ is a field containing Q and « and having
[K':Q] =[K:Q] =d. <

This proposition says that the conjugates a1, ..., aq are algebraically indistinguishable. For example,
X? + 1 has two roots +i, where i = 4/—1. But then what does one mean, when one talks about the
‘positive’ and the ‘negative’ square roots of —1? They are algebraically indistinguishable and if one calls
one of these i, the other one becomes —i. However, if a representation of C is given, we can distinguish
between ++/—5 and —/—5 by associating these quantities with the elements i+/5 and —i+/5 respectively,
where /5 is the positive real square root of 5 and where i = v/—1 is the imaginary ‘unit’ available from the
given representation of C.

It is also quite customary to start with K = Q(«) for some algebraic o € C and seek for the ‘complex
embeddings’ of K in C. One then defines f(X) := minpoly, o(X) € Q[X] and proceeds as in the proof
of Proposition 3.1 but now defining the map o; : Q(«) — Q(«;) as the unique field isomorphism that fixes
Q and takes a — «;. If we take o = a1, then oy is the identity map, whereas o9, ..., o4 are non-identity
field isomorphisms.

The moral of this story is that whether one wants to view the number field K as Q[X]/(f (X)) or as Q(«;)
forany ¢ € {1,...,d} isone’s personal choice. In any case one will be dealing with the same mathematical
object and as long as representation issues are not brought into the scene, all these definitions of a number
field are absolutely equivalent.

Finally note that the embeddings Q(«;) need not be all distinct as sets. For example, the two embeddings
Q(i) and Q(—1i) of Q[X]/(X? + 1) are identical as sets. But the maps = ~ i and = ~ —i are distinct
(where z := X +(X?2+1)). Thus while specifying a complex embedding of a number field K it is necessary
to mention not only the subfield K’ of C isomorphic to K, but also the explicit field isomorphism K — K.

3.2 Definition Let K be a number field of degree d defined by an irreducible polynomial f(X) € Q[X]
or by any root of f(X). Let r; be the number of real roots and 2r, the number of non-real roots of f. (Note
that the non-real roots of a real polynomial occur in (complex) conjugates.) By the fundamental theorem of

A complex number z := a + ib € C has a representation by a pair (a, b) of real numbers. Here i := 1/—1 plays the role of
X + (X% +1)in R[X]/(X? + 1). Finally every real number has a decimal (or binary or hexadecimal etc.) representation.
2The field QQ is canonically embedded in K. It is evident that the embedding ¢ : K — K’ fixes (Q element-wise.
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algebra we have d = 1 + 2r,. For any real root « of f the complex embedding Q(«) of K is completely
contained in R and hence is often called a real embedding of K. On the other hand, for a non-real root 3
of f the complex embedding () of K istermeda non-real ora properly complex embedding
of K. The pair (r1,79) is called the signature of the number field K. It is clear that K has r; real
embeddings and 2ro properly complex embeddings. If ro = 0, i.e., if all of the embeddings of K are real,
one calls K a totally real number field. On the other hand, if r; = 0, i.e., if all the embeddings of K
are properly complex, then K is called a totally complex number field.

3.3 Example (1) The number field Q[X]/(X? — 2) is totally real and has the signature (2,0). (The roots
of X2 — 2 are £/2))

(2) The number field Q[X]/(X? + 2) is totally complex and has the signature (0, 1). (The roots of X2 + 2
are +iv/2.)

(3) The number field K := Q[X]/(X?3 — 2) is neither totally real nor totally complex. The roots of X3 — 2
are v/2 and /2 (%‘/__3) The signature of K is (1,1), i.e., K has one real embedding and two properly
complex embeddings.

We now investigate how complex embeddings behave for extensions of number fields.

3.4 Proposition Let K C L be an extension of number fields, d := [K : Q] and n := [L : Q]. Then every
complex embedding o of K extends to exactly n/d complex embeddings 7 of L satisfying 7| x = o.

Proof Letr := [L : K] = n/d. For r = 1 the proposition is obvious. So consider the case that
r > 1. The extension K C L is simple (Corollary 1.68). Choose some «« € L with L = K(a), let
f(X) = minpoly, x(X) = X7, a; X7 € K[X] and define g(X) = o(f) = E;-:OJ(aj)Xj €
o(K)[X]. Since f is irreducible over K, g is also irreducible over o(K') and hence has exactly r distinct
(simple) roots fB1,...,8. € Q. Foreachi = 1,...,r the map ; : K(a) — (o(K))(B;) taking
bo +bia+t -+ b_1a" s a(by) +a(b)Bi + - +a(b—1)B ! isaunique embedding of L = K («)
in C whose restriction to K is ¢ and which maps « — ;.

Now let 7 be any complex embedding of L with 7[x = o. We have g(7(a)) = 375, o(aj)T(a)! =
YiooT(a)T(a) = 7(Xi_gajel) = 7(0) =0, e, 7(a) = B; forsome i € {1,...,r}. Itthen follows
that 7 = 7;. <

We will now concentrate on a special class of number fields. Let n € N. A complex number « is called an
n-th root of unity, if o™ = 1, i.e., if ais a root of the (monic) polynomial X™ — 1. It immediately
follows that the n-th roots of unity are algebraic integers. One can easily check that the set

pn = {a € C| ais an n-th root of unity }

is a subgroup of the multiplicative group C*. In fact, the elements of y,, are wj,, where w, := €'>"/™ and
i=0,1,...,n—1. Inparticular, u, is cyclic (of order n) and has exactly ¢(n) generators w’,0 < i < n—1,
ged(i,n) = 1. Any generator of u,, is called a primitive n-th root of unity. Itis easy to verify
that w € C is a primitive n-th root of unity, if and only if w is an n-th root of unity and is not an m-th root
of unity forany m € {1,...,n — 1}.

The (monic) polynomial

¥, (X) == [[(X - w) € C[X],

w
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where the product runs over all primitive n-th roots of unity, is called the n-th cyclotomic polynomial.
Clearly deg ®,,(X) = ¢(n). This definition does not make it clear that ®,,(X) is actually a polynomial in
Z[X]. This (and something more) are what we will prove next. The most non-trivial part in this proof is
establishing the following lemma.

3.5 Lemma Two primitive n-th roots w and w’ of unity have the same minimal polynomial over Q.

Proof We have w’ = w* for some i coprime to n. If 4 = 1, we are done. Next let i = p be a prime. Then
pfn. Let f(X) := minpoly,(X). Since w is a root of X™ — 1, it follows that X" — 1 = f(X)g(X)
for some g(X) € Q[X]. Since w is an algebraic integer, f(X) is in Z[X] and is also monic. Therefore,
g(X) € Z[X] and is again monic. We will now show that f(w’) = 0. Assume not. Since (w')" — 1 = 0,
we must have g(w') = g(wP) = 0, i.e., w is a root of g(XP). Since f(X) is the minimal polynomial of w,
this implies that f(X) | g(X?), i.e., g(XP?) = f(X)h(X) for some h(X) € Q[X]. Again it is easy to see
that h(X) € Z[X].

Now we reduce modulo p. Consider the canonical surjection Z[X] — F,[X] with the image of (X)
denoted as 7#(X). Thus g(XP) = f(X)h(X). But by the binomial theorem g(X?) = g(X)P, i.e,
g(X)P = f(X)h(X), i.e., any irreducible factor of f divides g(X)? and hence g(X), i.e., f and g have
common root(s) in F,, ie, X® —1 = X" — 1 = f(X)g(X) has multiple roots. Now since p f n, the
(formal) derivative of X™ — 1 is nonzero in I, [X] and hence is coprime to X™ — 1, i.e., X" — 1 does not

contain multiple roots, a contradiction.

Thus we must have f(w') = f(w®) = 0 in the case when i = p is a prime. Since f is irreducible over Q, it
follows that minpoly ,(X) = f(X) in this case.

Finally consider the general case ¢ = pi---ps, where the primes p; (not necessarily all distinct) are
all coprime to n. By repeated uses of the special case discussed above we then have minpoly  (X) =
minpoly,» (X) = minpoly, s, (X) = - - - = minpoly,p, --»s (X ) = minpoly, (X). <

Now we are in a position to prove the promised results about &, (X).

3.6 Proposition Letn € N. Then ®,(X) is the minimal polynomial of every primitive n-th root of unity.
In particular, ®,,(X) € Z[X] and is irreducible in Z[X] (or in Q[X]).

Proof Letw be a primitive n-th root of unity, f(X) := minpoly,(X) and K := Q(w). Lemma 3.5 asserts
that every primitive n-th root of unity is a conjugate of w, i.e., f(X) = ®,(X)g(X) for some g(X) € C[X].
In particular, deg f > deg ®,, = ¢(n).

Conversely if K % K' C C is a complex embedding of K and if o(w) = «’, then 1 = o(1) = o(w") =
(W™, ie., ' is also an n-th root of unity. If ' is an m-th root of unity for some m < n, we have
(1) = o(w™) = 1, i.e,, o is not injective. Thus w’ must also be a primitive n-th root of unity, i.e., K has
< ¢(n) complex embeddings, i.e., deg f < ¢(n) = deg @,,.

It follows that deg f = deg ®@,,, i.e., f(X) = ®,,(X). The proposition is now obvious. |

3.7 Definition Letn € N. The number field K := Q[X]/(®, (X)) = Q(w) for any primitive n-th root w
of unity iscalled a cyclotomic extension of Q. We have [K : Q] = ¢(n).

Cyclotomic fields constitute a rich set of examples of number fields. We will study the properties of these
fields and their rings of integers throughout the course as case studies. Another interesting set of examples
is provided by the quadratic fields Q(v/'D), where D is a square-free integer # 0, 1 (Exercise 2.2.7).
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Exercisesfor Section 3.1

Find the minimal polynomial and the conjugates of a and also the degree of Q(a), where:

(@ a=v3+5.
(b) a=+/+5)/2.

© a=1+2'/3422/3

Let K := Q(a), where o = /2.

(a) Find the complex embeddings K % K; C C, i =1,2,3, of K.
(b) Show that K, K> and K3 are pairwise distinct as sets.

(c) Compute o1(a) + o2(a) + o3(a) and o1 (a)oa (a)os(a).

Let o be an algebraic number with [Q(c) : Q] odd. Show that Q(a) = Q(a?).

A root of unity isan n-th root of unity for some n € N. Show that all the roots of unity constitute a multiplicative
subgroup G of C*. Deduce that G is infinite and not cyclic. (Hint: An infinite cyclic group is isomorphic to (Z, +).)

Letn e Nandp € P.
(@ Showthat X™ —1 =], I'n ®,4(X). (Hint: Look at the roots of the polynomials on the two sides.)

(b) Using Part (a) conclude that ®,,(X) € Z[X]. (Hint: Use induction on n.) Recall that this fact was proved in a
different manner in Proposition 3.6.

(c) Use Mabius inversion formula to deduce that ®,,(X) =[], (X% — 1)#("/%), where y is the Mdbius function.
This gives yet another way to conclude that ®,,(X) € Z[X].
(d) Ifn # 1isodd, show that ®5,(X) = &,(—X). (Hint: If ordw = n, then ord(—w) = 2n.)

e) Show that ®,.(X) = X?" (=1 4 x#" '(=2) 4 ... 4 xP" 7' 4 1.
p

Let K := Q(i) = Q[X]/(X? + 1). By Exercise 2.2.7 we have O x = Z][i], the ring of Gaussian integers.
(@ Show thata + ib (with a,b € Z) is a unit in Z[i], if and only if a® + b? = 1.
(b) Show that the prime elements of Z[i] are the associates to:

p, where p € IP is a rational prime congruent to 3 modulo 4,

a + ib, where a,b € N and a? + b2 is 2 or a rational prime congruent to 1 modulo 4.

Show that:
(@) For arational prime p the equation 22+ y2 = p has a solution (z,y) € Z2 ifandonlyif p = 20rp = 1 (mod 4).

(b) Forn € N the equation z2 + y* = n has a solution (z,y) € Z?, if and only if v,,(n) = 0 (mod 2) for all rational
primes p € P with p = 3 (mod 4).

. Let w be a primitive cube root of unity. What is the degree of Q(w)? Show that QQ(w) is an ED. (Hint: Consider the

function v(a + bw) := a®? — ab + b2.)

Let p be an odd rational prime, w a primitive p-th root of unity and K := Q(w + w~!). Show that K is a number field
of degree (p — 1)/2.

Let @ and 3 be algebraic numbers with m := [Q(a) : Q] > 1and n := [Q(3) : Q] > 1. Let K := Q(a, ).
(@) Show that [K : Q] < mn.

(b) Give an example where [K : Q] < mn. (Avoid the trivial case: a € Q(8) or 8 € Q(a).)

(c) Prove thatif ged(m,n) = 1, then [K : Q] = mn.

(d) Prove or disprove: If gcd(m,n) = 1, then [Q(afB) : Q] = mn.

(e) Prove or disprove: If gcd(m,n) = 1, then [« + B) : Q] = mn.
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3.2 Traces and norms

Let me now introduce some important concepts from linear algebra, that will be useful in the next section
for proving the existence of integral bases of number rings.

3.8 Definition Let FF C K be an extension of fields with d := [K : F| < oo. Forany a € K the
multiplication map A\, : K — K taking z — ax is an F-linear transformation. Let Tz denote the matrix
of the transformation A, with respect to some F-basis B of K. We know that the trace (i.e., the sum of
the elements in the principal diagonal) and the determinant of T’z are independent of the basis 5 and is an
invariant of the transformation . This allows us to define the trace Trg r(a) and the norm Ny r(a)
of « as

TI‘K‘F(C() = Tr(Tp) and NK‘F(CM) :=detTg.

If F' is understood from the context, we simply write Tr x (o) and N (). If K is also clear in the context,
we may even omit the K. Tr(«) and N(«) are elements of F', since T3 is a matrix with entries from F'.

In a similar manner the characteristic polynomial of « is defined as
charpoly, x x(X) 1= charpoly, (X) = charpoly;, (X) = det(X1; — Tg) € F[X],

where I; is the dx d identity matrix (over F). Once again it follows from linear algebra that this characteristic
polynomial is independent of the basis B. Again we drop the suffix K| F, if there is no scope of confusion.

The three items introduced in the last definition are related by the following important formula:
charpoly, (X) = X% — Tr(a) X%t +.-- + (1) N(a) . (3.1)

Now we specialize to the case F' := Q and K := anumber field of degree d. In this case we have equivalent
characterizations of the trace and norm functions. Before discussing about these characterizations let us
prove some auxiliary results.

3.9 Proposition Let K be a number field of degree d and @ € K. Then the characteristic polynomial of «
over Q satisfies charpoly,, x|o(X) = (minpolyayQ(X))d/T, where r = [Q(«) : QJ.

Proof First consider the case r = d (i.e., K = Q(«)). By the Cayley-Hamilton theorem T’z and A, satisfy
charpoly,, x|(X). Thus (charpoly, kg(Xa))(1) = 0, i.e., charpoly, x g(a) = 0, i.e.,, minpoly, o(X)
divides charpolyame(X). Since both these polynomials have the same degree (= r = d) and are monic,
we have charpoly, |(X) = minpoly, o(X) and the result follows.

Now suppose that » < d and consider the tower of field extensions Q@ C Q(a) C K of extension
degrees r and s := d/r respectively. By the special case proved above we have charpolyayQ(aNQ(X ) =
minpoly, o(X). So it is sufficient to prove that charpoly, xg(X) = (charpoly, g (X))°. Let
By == (Bi,...,5) be a Q-basis of Q(a) and By := (71,...,7s) a Q(«)-basis of K. Then B :=
(MB1y--sM1Bry -+, VsP1,---,VsPr) isaQ-basis of K. Let us denote by T3 the matrix of the multiplication
map Q(a) — Q(«), z — ax, with respect to the ordered basis B;. It is now an easy check that the matrix
of the multiplication map K — K, z — ax, with respect to the ordered basis B is

T, 0 --- 0
0 T, --- 0
0o 0 --- Ty
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Therefore, det(X1y; — T') = (det(XTI, — T1))*®, whence the proposition follows. <

3.10 Corollary Leta € Ok. Then Trg g(a) and Ng g(«) are in Z.

Proof  Since « is an algebraic integer, minpoly, o(X) € Z[X]. By Proposition 3.9 we then also have
charpoly,, x|o(X) € Z[X]. Equation (3.1) now completes the proof. |

3.11 Corollary Let K be a number field of degree d, @« € K, r := [Q(e) : Q] and vy, ..., a, the
conjugates of « (i.e., the roots of minpoly,, (X)). Then we have:

r d/r
charpoly, x o(X) = (H(X—Oti)> ; 3.2)

i=1

Trggla) = gZai, (3.3)
i=1
r d/r

NK‘Q(OA) = (HOAZ> . (34)
i=1

Proof = Since minpoly,, o(X) = [I;—; (X — «;), Proposition 3.9 establishes (3.2), whereas (3.3) and (3.4)
follow from Equations (3.1) and (3.2). <

Now come the desired characterizations of traces and norms (over Q) of elements of a number field.

3.12 Proposition Let K be a number field of degree d, o1, ..., 04 the d complex embeddings of K and
a € K. Then we have:

d

Trgle) = Y oia), (3.5)
im1
d

Nkjgl@) = [Joi(e). (3.6)
i1

In particular, for o, 5 € K and ¢ € QQ we have:

Trggla+p6) = Trggla) + Trge(B), (3.7)
Nxjo(aB) = Ngjola)Nk(B), (3.8)
Trgiglca) = cTrgigla), (3.9
Nkjglca) = e Nkol(a), (3.10)

Trgglc) = cd, (3.11)
Ngjolc) = c*. (3.12)

Proof Letr:=[Q(a) : Q] (Wehaver | d.) andletry,..., 7, be the complex embeddings of Q(«) mapping
a to its conjugates ai,. .., o, respectively. By Proposition 3.4 each 7; extends to exactly d/r complex
embeddings o;; of K and all complex embeddings o1,...,04 of K are obtained this way. Therefore,

Y4 oi(a) = et Zfﬁ aji(e) = Y (d/r)a; = gzgzlaj = Trgg(e), where the last equality
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follows from Equation (3.3). Inan analogous way one can derive the formula (3.6) for norms. The remaining
assertions in the proposition are immediate consequences of (3.5) and (3.6). |

One may take (3.5) and (3.6) as the definitions of the trace and the norm of an algebraic number. However,
these definitions do not immediately make it clear that Tr(«) and N(«) are elements of Q. Furthermore,
if the extension F' C K is not separable®, embeddings of K in F fail to satisfy the nice properties as in
the case of number fields, whereas Definition 3.8 continues to make sense, because it does not require any
embedding at all.

Exercisesfor Section 3.2

. Let o := /2 and w a primitive cube root of unity. Define K := Q(a) and L := K (w) = Q(a,w).
(@) What are the degrees [K : QQ], [L : Q] and [L : K]?

(b) Compute Tr g g(a) and N g g(a).

(c) Compute Trp, () and Ny ().

. Show that if a | 8 in Ok, then Nk (@) | Nk |@(B) in Z.

. (a) Let K be a number field. Show that o € Ok is a unit (in O k), if and only if N g(a) = +1.

(b) Let D be a square-free integer # 0,1 and K := Q(v/D). If D = 2,3 (mod 4), show that the (integer) solutions
of the Diophantine equations z2 — Dy? = =1 are in one-to-one correspondence with the units of O . Derive a similar
result for the case D = 1 (mod 4).

(c) Let D < 0. Show that the only units of O g are &1 except in the cases D = —1 and D = —3. What are the units
of O g for these two special values of D?

. Prove that Q(i) does not contain an element of norm 3.

. Letp € P, w a primitive p-th root of unity and K := Q(w). Then [K : Q] = deg®, = ¢(p) = p — 1. Show that:

(@ Trgg(w) =—1and Trgg(l —w) = p.

(b) Forany a € Dk we have p | Trg g(a(l — w)). (Note that a(1 —w) € Ok and hence Trg g(a(l —w)) € Z.)
. Let Q@ C K C L be extensions of number fields and o« € L. Further letd := [L : K] and o4,...,04 be all the

complex embeddings of L that fix K (i.e., all the complex embeddings of L that extend the identity embedding of K).
Prove the generalized formulas for trace and norm:

d

Trok(a) = Y oi(a), (3.13)
z;1

Nrkx(a) = Hai(a)- (3.14)
i=1

(Hint: Imitate the proof for the special case K = QQ as given in the text.)

. LetQ C F C K C L be extensions of number fields and « € L. Prove the following transitivity properties
of trace and norm:

Trpp(a) = Trgp(Tryk(a)), (3.15)
Nrr(a) = Ngr(Npx(a)). (3.16)

3Let F be afield and K an algebraic extension of F'. An irreducible polynomial f(X) € F[X]is called separable over
F, if f does not admit a multiple root in any extension of F'. An element o € K is called separable over F', if minpoly,, (X)
is separable over F. Finally the (algebraic) extension F' C K is called separable, if every a € K is separable over F. By
Exercise 1.5.6 every algebraic extension of a perfect field (e.g. a field of characteristic zero or a finite field) is separable.
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(Hint: Letr := [K : F],s:=[L: K], 01,...,0, theembeddings of K in C that fix F and 4, . . ., 7, the embeddings
of L in C that fix K. Foreach j € {1,...,s} consider v; € C with 7;(L) = F(v;). Define E := K(v1,...,7s).
Foreachi € {1,...,r} let p; be an embedding of E in C that extends o;. First show that p; o 7; fori = 1,...,r and
j=1,...,sgive all the embeddings of L in C that fix F'. Then use the formulas (3.13) and (3.14).)

. Let K be anumber field. We say that K is norm-Euclidean,if foreverya,8 € Ok, 8 # 0, thereexistq,r € O g
such thata = ¢ + r and |[N(r)| < [N(B)|.

(a) Conclude that if K is norm-Euclidean, then O  is an ED with the Euclidean degree function v(a) := |N(a)|.
(Remark: The converse of this is not true. For example, it is known that K := Q(+/69) is not norm-Euclidean, but
Ok isan ED.)

(b) Prove the following equivalent characterization of a norm-Euclidean number field: K is norm-Euclidean, if and
only if for every a € K there exists 5 € O such that |N(a — )| < 1.

(c) Show that the following number fields are norm-Euclidean: Q, Q(+/—1), Q(v/=2), Q(v/2) and Q(v/3).
(d) Show that Q(+/—6) is not norm-Euclidean. (Hint: Take o := Hzﬂ in Part (b).)

3.3 Discriminants and integral bases

Recall that for the quadratic polynomial f(X) := X2 +bX + ¢ we call the quantity b2 — 4c the discriminant
A(f) of f. The sign of A(f) gives us information about the roots of f. We generalize this concept now and
define the discriminant of any non-constant irreducible polynomial in Q[X] or even of a set of elements in
a number field. Throughout this section we denote by K a number field of degree d and by O g the ring of
integers of K. Our aim in this section is to the prove the fact that O g is a free Z-module of rank d. The
language of discriminants is one usual weapon to win this battle. The trace and norm of an element a € K
over Q will be denoted simply as Tr(«) and N(«) without the subscript K |Q.

3.13 Definition Let f1,...,84 € K. We call the determinant of the matrix (Tr(5;5;))1<i, j<d (i.€., of
the matrix whose ij-th entry is equal to Tr(3;5;)) the discriminant of §y,..., 3 and denote this as
A(Bi,-- -, Ba) == det(Tr(B;B;)). Since Tr(B;3;) are all elements of Q, it follows that A(B1, ..., 84) € Q.
Moreover, if B1,. .., B4 are all algebraic integers, then A(fB41,...,8q4) € Z.

Discriminants can be defined in an alternative way by using the complex embeddings o1, ..., 04 Of K.

3.14 Proposition A(By,...,B) = (det(a;(8i)))>.

Proof Consider the matrices D := (Tr(5;53;)) and E := (o;(5;)). By definition A(B1,...,Bq) = det D.
We will show that D = EE*, which implies that det D = (det E)? and thereby proves the proposition. The
ij-th entry of EEY is ¢, o4(8i)ox(B;) = St_, ox(B:B;) = Tr(BiB;), where the last equality follows
from Equation (3.5). |

Let K = Q(«) for some € K and let f(X) := minpoly, o(X). We define the discriminant of f as
A(f) == A1, a,0?,...,0%71). (3.17)

| have to show that the quantity A(f) is well-defined, i.e., independent of the choice of the root « of f(X).
Let o = a1, a9,....a4 be all the roots of f(X) and let the complex embedding o; of K’ map a to ;. By
Proposition 3.14 we have A(f) = (det E)2, where E = (0(af™1)) = (a;_l). By Exercise 3.3.1 we then

d
get A(f) = (=1)%4=D/2 T (e — a;), which implies that A(f) is independent of the permutations of the
ij=1
i#i
conjugates a1, . . ., ag of a. Notice that since a1, . . ., a4 are all distinct, A(f) # 0.

Department of Mathematics Indian Institute of Technology, Kanpur, India



Page 10 of 14 MTH 617 Algebraic number theory

d
Now let me give a simpler description of A(f). First | write f(X) = H(X — «;). Taking formal derivative
d d d = d
gives f'(X) = > [[(X — i), ie., f'(a;) = [[ (0 — ). Therefore, A(f) = (=1)% =D T f(«
j=11i=1 i=1 7j=1
i#£j i#]
d
A(f) = AL a,02, .. 0% = (1) WD N(f (o)) (3.18)
I will now show how the discriminant A(f1, ..., 34) discriminates between the cases that 31, ..., 84 form

a Q-basis of K and that they do not. | start with the following lemma.

3.15 Lemma LetB4,...,084,71,---,74 € K satisfy v; = Zﬁzltikﬁk fori =1,...,dand for t;; € Q.
Then A(’)’l, .. ,’)’d) = (det T)zA(ﬂl, ... ,,Bd), where T' = (t”)

Proof Let Fy := (O'J(ﬂz)) and Fs := (Uj(’)’i))- Now O'j(’)’z') = Uj(Zk 1t1k,8k) Zzzl tikaj(ﬁk) is the
ij-th entry of the matrix TEy, i.e., By = TE;. Hence A(y1,...,v4) = (det Eo)? = (det T)?(det E1)? =

(det T)?A (B, .. -, Ba)- <

3.16 Corollary Let By := (f1,...,84) and By := (v1,...,v4) be two Q-bases of K. Let us denote
A(By) :== A(By,...,Bq) and A(Bz) := A(y1,-..,74). Then A(By) = (det T)2A(By), where T is the
change-of-basis matrix from B to Bs. <

3.17 Corollary The elements 81, ...,84 € K form a Q-basis of K, if and only if A(B1,...,84) # 0.

Proof Let K = Q(«) as above, By := (1,q,...,a%!) and By := (B1,...,Bq). Since By is a Q-

basis of K, each g; can be written (uniquely) as 8; = Zd s tijo? with ¢;; € Q By Lemma 3.15

A(By) = (det T)2A(B1), where T' := (t;;) 1<i<a . We have seen that A(B;) # 0. Therefore, A(By) # 0
s

<isd-1

< detT #0 < By isaQ-basis of K. <

Finally comes the main theorem of this section:

3.18 Theorem Let K be a number field of degree d. Then O is a free Z-module of rank d.

Proof Letfy,...,0q4 € K form a Q-basis of K. We know that for some r1,...,rq € Z\ {0} the elements
r151,...,74Bq are in O and clearly continue to constitute a Q-basis of K. So we may assume that the
elements f1,. .., 3q are already in O k. Consider the set S of all Q-bases (51, ..., 84) of K consisting of
elements from O x only. By Definition 3.13 and Corollary 3.17 A(B) € Z\ {0} for every B € S. Choose
B:=(Bi,...,Bq) €S suchthat |A(B)]| is minimal in S.

Claim B is linearly independent over Z.

B is by definition a Q-basis of K, i.e., linearly independent over Q and hence trivially over Z too.

Claim B generates O g as a Z-module.

Assume not, i.e., there exists a € Ok such that @« = a161 + - - - + aqB4 With some a; ¢ Z. Without loss
of generality we may assume that a1 ¢ Z and write a; = a + r witha € Z and 0 < r < 1. Now define
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yi:=a—afy =1rpf1+azfe+ -+ agbi,¥2 := Po,--.,v4 := Ba. Since Ok isaring, 1 (and hence all
of y1,...,7q) are in Og. Furthermore, if

r ax az --- Qg

0 1 0 0
T:=[0 0 1 0|,

0 0 0 1

by Lemma 3.15 we have A(y1,...,7q4) = (det T)2A(B1,---,B84) = m2A(B,...,B4). Since r # 0,
AV, ... ,7a) # 0,08, (71, . .., 7q) isagain a Q-basis of K (Corollary 3.17), i.e., (y1,...,74) € S. Finally
sincer < 1, we have |[A(v1,...,7q)| < |A(B1,---,Ba4)|, acontradiction to the choice of (51, ..., 34). Thus
every a € O g has to be a Z-linear combination of 31, ..., 84. This completes the proof of the second claim
and also of the theorem. <

3.19 Definition Any Z-basis of the free Z-module O g is called an integral basis of K (or of Og).

3.20 Corollary Every integral basis of K has the same discriminant (for a given K).

Proof Let By := (B1,...,8q4) and Bz := (7y1,...,74) be two integral bases of K. Let T be the
transformation matrix for the change of basis from B to By. B; being an integral basis of K, all the
entries of T are integers. Also from Corollary 3.16 we have A(By) = (det T)2A(B;) and hence A(B;)
divides and has the same sign as A(B3). In a similar manner one can show A(B3) | A(By). Therefore,
A(Bl) = A(BQ) |

3.21 Definition Let K be a number field and B an integral basis of K. The discriminant of K
is defined to be the integer Ag := A(B). By Theorem 3.18 and Corollary 3.20 A is well-defined, i.e.,
defined and independent of the choice of the integral basis B of K.

It’s now time for some case studies. We will as usual consider quadratic fields and cyclotomic fields. In both
these cases O g has an integral basis of the form 1, c, ... , a4~ for some suitable «. Let me emphasize here
that this is not the general case, i.e., every number field K need not possess an integral basis of the form
1,a,...,a%" !, Whenever it does, O = Z[a] is called monogenic and an integral basis 1, , ..., a¢ !
of K is called a power integral basis. Clearly if K has a power integral basis 1, v, ..., a%1, then
K = Q(«). But the converse is not true, i.e., for K = Q(a) with a € Dk and with © g monogenic,
1,q,...,a% ! need not be an integral basis of K. This is demonstrated in the next example.

3.22 Example (1) Consider the quadratic number field K := Q(+/D) for some square-free integer
D # 0, 1. We consider the two cases:
Case 1: D =2,3 (mod 4)

Here Ox = Z[VD], ie., (1,v/D) is a power integral basis of K. The minimal polynomial of v/D
is X2 — D and the conjugates of /D are +v/D. Therefore by Equation (3.18) we have Ax =
(-1)22-D/2N(2v/D) = —(2v/D)(-2VD) = 4D.

Case2: D=1 (mod

4)
In this case O = 1+ ] 1+‘/5) is a power integral basis of K. The minimal polynomial of

# is X2 - X — D4_1 and the conjugates of 1+‘/_ are li‘/_ Therefore Equation (3.18) tells us that
Ag = (-1)22-D2N(2 (/D) - 1) = —N(WD) = ~(VD)(~vD) = D.
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(2) Letn € N, w a primitive n-th root of unity and K := Q(w). Then K is of degree d := ¢(n). It can
be shown (using lengthy calculations) that O = Z[w], i.e., (1,w,...,w%!) is a power integral basis of
K. The minimal polynomial of w is the cyclotomic polynomial ®,,(X). For the special case n = p € P we
have ®,(X) = XP~1 4+ ... + X + 1 (Exercise 3.1.5). | leave it as an exercise to the reader to show that in
this case Ag = (—1)®=1/2pP=2 provided that p is odd.

Let us now prove some simple properties of integral bases. As in the proof of Theorem 3.18 we denote by S
the set of all Q-bases of K comprising elements of O x only. We have seen that a basis B € S with minimal
|A(B)| is an integral basis of K. On the other hand, by Exercise 3.3.5 any integral basis B of K isin S and
by Corollary 3.20 has minimal |A(B)]| in S.

3.23 Corollary LetB e S. If A(B) = Ak, then B is an integral basis of K. <

3.24 Corollary Let B € S have square-free discriminant A(B). Then B is an integral basis of K.

Proof Let By := (B1,---,84) be an integral basis of K. Then A(B) = (det T)?A(B;), where T is the
B1-to-B change-of-basis matrix. Note that the entries of T are integers. Since A(B) is square-free and
non-zero, we must then have det T' = +1, i.e., A(B) = A(B;) = Agk. Corollary 3.23 now completes the
proof. |

The converse of Corollary 3.24 is not necessarily true, i.e., the discriminant of an integral bases need not be
square-free. For example, look at Case 1 of Example 3.22(1).

3.25 Corollary Let f(X) € Z[X] be a monic irreducible non-constant polynomial with a square-free
discriminant A(f). Further let « be a root of f and K := Q(«). Then O g = Z|«].

Proof Consider B := (1,c,...,a%!) € S, where d := deg f. Then A(B) = A(f) is square-free. Now
use Corollary 3.24. <

Now we ask the question whether any integer can be the discriminant of a number field. The answer is ‘No’.
To see why let B := (31, ..., 4) be an integral basis of K. Then Ax = A(B) = (det E)?, where E :=

(ei,j) = (0j(Bs)) (See Proposition 3.14). We have det £ = 3, s (Sign(ﬂ) Hle ei,ﬁ(i)) = Seven — Sodd:

Where seven := > rea, H;?l:l €in(i) AN Sodd = X res,\ Ay ]‘[fl:1 eir@)- FOrany i € {1,...,d} note that
(07 0 01,...,0; 0 agg) is a permutation of (o1,...,04); call it IT;. If II; is even, then o;(Seven) = Seven
and o;(Sodd) = Soad- On the other hand, if II; is odd, then ¢;(Seven) = Sodd and ¢;(Sodd) = Seven-
In both the cases we have ¢;(Seven + Sodd) = Seven + Sodd aNd oi(SevenSodd) = SevenSodd- BY

Exercise 3.3.4 we then have seven + Sodd, SevenSodd € Q. But each e; ; = o;(;) is an algebraic integer
and, therefore, seven + Sodds SevenSodd € Orx NQ = Z. This implies that Ax = (Seven - Sodd)2 =
(Seven + Sodd)? — 4SevenSodd = (Seven + Sodad)? (mod 4). This gives us the following result.

3.26 Theorem [Stickelberger’s criterion] Let K be a number field. Then Ax = 0,1 (mod 4). <«

Finally we inquire about the sign of the discriminant A x of a number field K. The following result is due
to Kronecker.
3.27 Theorem Let K be a number field with signature (r1,r2). Then the sign of Ag is (—1)2.

Proof As usual let B := (B4,...,B4) be an integral basis of K. Then Ax = A(B) = (det E)?, where
E = (0;(B;)). Consider the matrix E := (0;(8;)), where bar denotes complex conjugate. If o; is a real
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embedding of K, then ¢;(5;) = 0;(8;), whereas if o; is a properly complex embedding of K, then there
exists a properly complex embedding o of K with o;(8;) = o;/(5;). Thus E can be obtained from E by
o column exchanges. Hence det E = det E = (—1)"2 det E. It follows that det E is purely real or purely
imaginary according as whether r4 is even or odd. This proves the result. |

As a sample application of the theory developed so far let us look at Euler’s solution of Bachet’s
equation:

yr=a3 2. (3.19)

Bachet pointed out in 1621 that the only solution of his equation in positive integers is z = 3, y = 5.
If we allow negative solutions as well, it turns out that the only integer solutions of Bachet’s equation are
z = 3,y = £5. Exercise 3.3.10 deals with a step-by-step derivation of this result. Bachet was a French
mathematician who is famous for his Latin translation of Diophantus’s Greek book ‘Arithmetica’. He also
published books on mathematical puzzles.

Exercisesfor Section 3.3

. Let K beafieldand ay,...,aq € K. Show that the determinant of the Vandermonde matrix
1 1 1 1
a1 (65) Qa3 s aq
Vi=V(au,...,aq) = af a3 af - o
aii_l ag—1 ag—1 aj_l
d
is H ) and that the square of this determinantis [ (a; — a;)* = (—1)%¢=1/2 H — ;). (Hint:
i,j=1 i,j=1 i,j=1
i<j i<j i#j
Use induction on d.) In particular, det V is nonzero, if and only if a4, . . ., aq are pairwise distinct.
. Let p be an odd (rational) prime, w a primitive p-th root of unity, K := Q(w) and d := ¢(p) = p — 1. Show that
Ag = A(l,w,...,w? ) = (=1)P~D/2pp=2 (Remark: You may assume that O ; = Z[w].)

. Let n € N and w a primitive n-th root of unity. Then minpoly,, o(X) = ®,(X). Show that A(®,(X)) | n®™.
(Hint: In view of Equation 3.18 it is sufficient to look at N @ (®7,(w)). By Exercise 3.1.5 we have X" — 1 =
®,,(X)g(X) for some g(X) € Z[X]. Differentiate, substitute X = w and take norm.)

. Leta € K be fixed by all complex embeddings of K. Show that a € Q. (Hint: Assume that r := [Q(a) : Q] > 1.
Consider any extension of a non-identity embedding of (Q(«) in C to an embedding of K in C.)

. Show that any integral basis of K (i.e., of O ) is a Q-basis of K.

. Leta,b,c € Q. Show that:
(@) The discriminant of the quadratic polynomial X2 + X + ¢ (assumed irreducible over Q) is % —

(b) Consider the cubic polynomial X2 4+ aX? + bX + ¢ (assumed irreducible over (). Show that substituting X by
X — a/3 reduces this general cubic polynomial to the standard form: X2 + uX + v, where u,v € Q. Compute
that A(X3 + uX +v) = —4u® — 2702

. Let f(X) := X% +aX +b € Q[X] be irreducible. Show that
A(f) — (_l)d(d—l)/2 (ddbd—l + (_l)d—l(d_ l)d—lad) .
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(Hint: Let a be a root of f(X). Then A(f) = (—=1)#*~D/>N(g), where 3 = f'(a). First show that @ = 773%;,
so that Q(a) = Q(B), i.e., deg(minpolyz (X)) = d. From f(a) = 0 compute the minimal polynomial and hence
the norm of 3.)

. (@) Let K := Q(a), where « is a root of f(X) := X3 + X + 1. (Argue that f is irreducible over Q.) Compute

A(f) = A(1,a,a?) and conclude that O i = Z[a]. (Hint: Corollary 3.25.)
(b) Repeat Part (a) with f(X) := X3 - X — 1.
(c) Repeat Part (a) with f(X) := X5 - X — 1.

. Let Ay and A, be two square-free rational integers # 0,1 and let K; := (/A1) and K> := Q(+/Az). Show that

K; = K, ifandonly if Ay =

(Bachet’s equation) In this exercise one derives that the only (rational) integer solutions of Equation (3.19) (i.e.,
ofy? =23 —2)arex = 3,y = +5.

(a) Show that (3.19) has no solutions with z or y even. (Hint: Reduce modulo 4.)

Let (z,y) be a solution of (3.19) with both = and y odd. Then z® admits a factorization in Z[v/—2] as z® =
W +vV-2)y—-v-2).

(b) Let K := Q(+v/—2). Show that O x = Z[v/—2] and that O x is a UFD. Also the only units of O x are +1.

(c) Show that ged(y + /=2,y — v/—2) = 1. (Hint: Leta + b\/—2 € Ok divide this gcd. Then a + b/—2 divides
2y and 2+/—2. Take norms.)

(d) Because of unique factorization one can write y + /—2 = £(c + dv/—2)? for ¢,d € Z. Expand the cube and
equate the real and imaginary parts to conclude that we must have y = +5, so that z = 3.

Show that the only (rational) integer solutions of y? = 2% — 4 are (z,y) = (2, £2), (5, £11).

We have seen that the discriminant of a non-constant irreducible polynomial in Q[X] can be obtained by calculating
the norm of a certain element. Here is an alternative way to proceed.

Let f/(X) == amX™+ -+ a1 X 4+ ao and g(X) := b,X"™ + --- + by X + by be non-constant polynomials with
rational coefficients. The Sylvester matrix associated to (£, g) is defined as the (m + n) x (m + n) matrix:

Ay Gyt ai ao 0 o --- 0

0 an amy - - a a 0 - 0

._ 0 0 Am Am—1 aq ag
SUf9) = g p o T e o
0 bn bn—l bl bO 0

0 bn  bat bi bo

The resultant of f and g is defined as:
Res(f, g) := det(Syl(f,9)).

(@) Show that Res(f,g) = 0, if and only if f and g have a common root in C (or equivalently, if and only if f and g
admit a nonconstant common divisor in Q[ X].) (Hint: Argue that f and g have a common root, if and only if there
exist polynomials u(X), v(X) € C[X] (orin Q[X]) withdegu < n —1and degv < m — 1 such thatuf +vg = 0.
An attempt to solve for the m + n unknown coefficients of v and v gives a linear system. Look at the determinant of
this system.)

(b) Letay,...,a,, betheroots of f and 31, .. ., 3, the roots of g. Show that

Res(f,9) = ap by H [1(ei—8) = ap, [[ 9(@i) = (—0)™ b7 T] £(8)) -
i=1j=1 =1

=1

(©) Let f(X) € Q[X] be irreducible, monic and of degree d > 1. Deduce that A(f) = (—=1)X4=D/2Res(f, f').
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