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Appendix
1. Proofs of the Lemmas

Here we present the detailed proofs of the Lemmas discussed in the main text. For
the explanations, we again show the toy example in Figure 1.

We consider two communities A and B to be connected via a vertex v. The vertex
v has connections to a nodes in community A and to S nodes in community B,
and these nodes form the set V4 and Np respectively. The average internal degree
of a vertex, a € Ny (b € Np), before v is added is I4 (Ig). Similarly, the average
internal clustering coefficient of a vertex, a € N4 (b € Np), before v is added is Cy
(Cp). We assume the values of C4 and Cp to be at least 0.5. Communities A and
B have no other connections except those through v. We also assume that o >

When v is added to communities A (B) then the average internal clustering
coefficient of v becomes CY (C%), and the average clustering coefficient of the
nodes in Na(Ng) become C® (C#). We consider two extreme values of C®(C#).
One case is when the nodes in the community are tightly connected and adding
v does not significantly change the internal clustering coefficient. In this case, we
assume C“ = C4 and C? = Cp. The other case is when the nodes in the community
are not as tightly connected. In this case, adding v decreases the average internal
clustering coefficient.

Let the number of internal connections of nodes in N4, before v is added, be
fz. Therefore C'y = ﬁ In the second case when the communities are sparse,
once v is added we assume that no new distance two connections are formed, but

the internal degree increases by one. Therefore C* = (IAﬁ) o = CE‘IZAS;‘I;D =

Calla=1) ;.-  Co(In-1)
i Similarly CF = g2,
The combination of communities A, B and the vertex v can have four cases as

follows:

e Case 1. v joins with community A only. We denote this configuration as
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Case 3: [(A + v + B)] Case 4: [A: B : v]

Fig. 1. (Color online) Toy example demonstrating four Lemmas.

[(A+wv) : B], and its total permanence as P(44.).z. We assume that the
combined permanence of all nodes © & (N4 U Ng Uwv) as P,. This value
will not be affected due to the re-assignments. Therefore, the total perma-
nence is the sum of the following factors: P,, [«C®] (for the nodes in N4
connected to v), [W —(1=CY)] (for vertex v) and [5(1[?3_1 —(1-C")]
(for the nodes in Np).

Patoy = Pr+aC0% + 55 — (1= C4) + B(7357 — (1= Cp))

Case 2. v joins with community B only. We denote this configuration as
[(A: (v+B)], and its total permanence as Py.(,+p). The values of this total
permanence is the sum of the following factors: P, [a(Iif‘H - (1-0C%)]
(for the nodes in Na), [Z55 — (1 — Cp)] (for vertex v) and [BC?] (for
the nodes in Np connected to v).

Pavin) = Po + a(745 — (1= Ca)) + s — (1 - Cp) + BCP

Case 3. A, B and v merge together. We denote this configuration as
[(A+ v+ B)], and its total permanence as P41,+p). The values of this
total permanence is the sum of the following factors: P,, [aC?] (for the
nodes in Ny4), [a(a(_all%‘(ﬁr(ﬁﬁ—_ﬁ)cg] (for vertex v) and [SC*] (for the nodes

in Np connected to v).

a ala—1)CH+ —1)C}
Plagosn) = Py +aC% + SOyt BomCe 4 poP



e Case 4. A, B and v remain as separate communities. We denote this
configuration as [(A : v : B)], and its total permanence as P(4...5)-
The values of this total permanence is the sum of the following factors:
Py, [a(I 47 — (1 — C9))] (for the nodes in Ny), 0 (for vertex v) and
[5(1é+ — (1= C#))] (for the nodes in Ng).

Plawp) = Po + (745 — (1 - Ca)) + B(+287 — (1 - Cp))

Lemma 4.1 Given C® = Cy and CP = Cp, let Z = L + (CY{ - CY) +

(IADfF]- T +1) The assignment [(A 4+ v) : B] will have a hzgher permanence than

[A: (v+ B)], if Z > 0 and a lower permanence if Z < 0.

Proof. Here we are comparing between Case 1 and Case 2. The difference
in total permanence between these two assignments by assuming C* = C4 and
C’B = CB is:

(0%
P(A+v):B - PA:(erB) = (a n 5)6 + CVA + ﬁ( 1)

Ip +1

Is B .
_(Q(IA—i—l_ )+W+CB)
__a B
(a4 BB (a+ P

v v 1 -1
(OG- )+ (P —ar )
e e/ WY S

af Is+1 Ig+1

If this difference is greater than zero then [(A + v) : B] will have a higher per-
manence. If the difference is less than zero then [A : (v + B)] will have higher
permanence.

Lemma 4.2 Merging the communities A, B and v, gives higher permanence
+Ca@yH)-Ch 8 1;

(v+1 B (v+1)? T Ip+l
4 CArH1-C} | $(2Cs-1)
’Y+1)ﬁ (v+1)? Ip+1

than joining v to community A if C# = Cp, and

where v = o/, and also if C? = Cp IB_H, and C
1.

<

Ip—
IB+1

Proof. We are comparing Case 1 and Case 3 and in this case C? = Cp



The difference in total permanence is:

Patv):B = Patvt+B) = ﬁ 1+C} +5(m - 1+Cp)
~ala=1)Ch +B(B-1)CE 3
CethEerson TP
___« v _ M _ B
= @1 AP 1+CY IB+1+5(CB Cc*)

ala—1)C3 + B(B-1)Ch
(a+B)(a+B-1)
Substituting v = a/8 and C# = Cp ﬁ_ﬂ
g o __B 2
— (7+1)5*1+0A*1 +1+5 BT
Yy —1/B)Ch+ (1 —1/B)Cq
(y+D(r+1-1/8)

The value of 1/3 will become lower as  increases. We therefore ignore its effect.
The equation then becomes:

2
Ip+1

Y v B
P(A+1)):B_P(A+U+B) = m_1+cA I +1 +B B
ey Cp
(y+D(y+1)  (y+D(y+1)
~ Cally+1)—Cp  ,2C5—1

“haos T vy P

If this difference is less than 0 then higher permanence is obtained by merging.
Therefore, the condition to merge A, B and v altogether rather than v joining with
A is

(v+1)

CY (2v+1)—CH 205 —1
5+ AT 2+ BT <1

If we consider C? = Cp, then

v iy +)-Cy B
Piasorn — P, - 14 _
S N CE ) (v +1)? Ip+1

In this case, the condition to merge is:

v i@ -Cy B

G+DB T GEE Tprl s

Corollary 4.5 If =1, CF = CB%, CY > 1/2 then v will join community
A rather than the three pieces merging.



Corollary 4.6 If Cp ~ 1, C¥ = Cpiity, B> Ip+1 and Cy > C}/3 then v
will join community A rather than the three pieces merging.

Proof of Corollary 4.5: If 5 =1, then

P(A+v)=B_P(A+v+B):(’YJ:/DIB—l—i—CX—IB‘iLl
2 (0 -1/8Ch+ (1 -1/8)Ch
+ﬁC’BIB+1 GG 1R
I BN PR €101 k)
INCES)) LG Ip+1
_ 2y =1}
v+ 1)

1 % (205 — 1)
CE R R y Wy |

20y -1 (205 —1)

o (y+1) Ip+1

This value will be positive so long as C% > 1/2. In this case, joining v to com-
munity A is favored.

Proof of Corollary 4.6: If Cp = 1, 8 > Ig + 1 and CY > Cg, then

v B
Payv)y:B — PatvrB) = % -14+C

v+ 1)8 A Ip+1
2 Yy =1/8)Ca+ (1 -1/8)Ch
+ BCp —
Ip+1 (y+ D)y +1-1/8)
Ignore 1/, because 8 is high
y » 2Cp —1
“hrnp MOt
1y —=1/8)Ch Cp
(y+Dy+1)  (+1(r+1)
v Caey 1) -y
(y+1)B8  (y+D(r+1)
B
1Y
The first term is positive. Since the smallest value of v = 1, and CY > C3,
the second term is positive, and since > Ig + 1, the third term is also positive.
Therefore v will join community A rather than merging all the components.

Lemma 4.3 If C* = C4 and C® = Cp then the communities will merge (i.e.,

[(A+ v+ B)]), rather than remain separate (i.e., [A: B :C]). If C* = CA%

CP=Cp EEIB and then the communities will merge if:



~2CY4CY > a(2cA—1) +ﬂ(2CB—1)'

(y+1)? Ta+1 Ig+1
Proof: We are comparing Case 3 and Case 4, and the case C? = Cp g: The
difference in total permanence is:
ala—1)CY% + B(B —1)C%
PiatosB) — Plaw:p) = aC® + ( )Ci + B )C + BCP

(a+pB)a+p-1)

~(al A - (1= Cw)
B2 — (1= Ca))

= —a(Ca — C%) — B(Cp — C7)
a(e—1)C3 +B(B-1)Ch
(a+B)(ath—1)
o B
Ip+1 + Ig+1
a(e—1)Ch + BB =1)Ch
(a+B)(a+p—-1)

_|_

a B
S T
Ip+1 Ip+1

2C 4 2Cp

_(aIA+1+BIB+1)

Substituting v = «/f8
_ 2= 1/B)Ch+ (1 ~1/8)Ch
(y+D(y+1-1/8)
(2C4 — 1) (2Cp — 1)
Ig+1 +5 Ip+1

—(a )

The value of 1/8 will become lower as 8 increases. We therefore ignore its effect.
The equation then becomes;

Y’Ch+Ch

(v+1)?

(2C4,—1)  (2C5—1)
TP e P

PatviB) — Paw) =

—(a )



If C* = C4 and C? = Cp, then

—1 Cv -1 Cv
P(A+U+B) - P(A:v:B) =aCjy + a(a(a ﬁﬂ?(;f(ﬁﬁ— 1)) = + BCR

~ (a2 - (1= Cw))
(2 — (1= Cr))

_ala-1)Ch +B(B-1)Cp
(a+B)(a+p-1)
a B
IA+1+IB+1

+

This value is always positive so the communities will merge.

Lemma 4.4 If C% = C4 and C? = Cp then the communities will remain sepa-
rate (i.e., [A: v : B]) rather than v joining with community A (i.e., [(A +v) : B]),
if a1 + @rgp) < (1—Ch).

Otherwise, if C* = Cy 834_-3’ CP =Cp gﬁ;ig and then the communities will re-

main separate if a(2g*‘+711) +(1-C%) = i3

Proof: We are comparing Case 1 and Case 4 for the case C* = CA%;

CP =Cp gi:; The difference in total permanence is:

Piatv):p — Pawp) = aC® + ST A (1-CY%)

This value will be negative (favor merge) if: a(zgﬁ:ll +(1-CR) > a5

If we consider the case C* = C4 and C? = Cp, then
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Platv):s = Plaw:p) = aC® + CEE (1-0C3%)

(A - (1= Cw))

_ (6% + (6%

i+l (atBp
+(C4 —1)
1 1

B PES R PEyL
+(C4 —1)

This value will be negative (favor merge) if: a(ﬁ) + m) <(1-Cy)

Corollary 4.7 Ifa = 8, CF = Cple=l CY% = Cg then communities A, B

Ip+1’
and v will merge, rather than v joining community A, if % + % + 52233_;11 < 1.

Corollary 4.8 If a = 3, CF = CB%’ then communities A, B and v will

remain separate rather than v joining community A, if oz(%i‘ff) +(1-CY) > 5.
If a = =1, then Cy =0 the communities will remain always separated.

Proof of Corollary 4.7: If o« = 3, C} = Cp, CP =Cp ?z;i, then comparing
Case 1 and Case 3 we get

, . __ v, Ca@+)-Cp 2051
(A+v+B) (Awv:B) — (7 T 1),3 (’7 + 1)2 IB +1
1 3CY — CY 20p —1
-~ 1 A_—A
25 + 1 +4 Tp i1
1 207 20p —1
- — 1 4
28 + 4 +ﬁIB+1

This values is negative(favors merging) if % + CTZ + 5216;3‘5:11 <1

Proof of Corollary 4.8: If « = 3, C” = 03%7 CY = Cg then;
1-2C
Ip+1 (a+pB)B
+(Ca-1)
1—-2Cy 1

Ig+1 ) + %
+(Ca—-1)

P(A+v):B - P(A:U:B) = Oé(

:a(



This value will be negative (favor merge) if: a(2ICAA+_11) +(1-CY)) > 5=

If a = 1, then C4 = 0. Then the condition is: 2Z4=1 41 > £, Which is always

true.

2. Other Ranking Schemes for Evaluating Community Scoring
Functions

Besides dense ranking that is shown in the main text (section 6), we use two other
ranking schemes, namely standard competition ranking and fractional ranking to
measure the performance of permanence over other community scoring functions
for evaluating the goodness of the detected communities. The results are shown in
the following two subsections.

2.1. Standard competition ranking

In standard competition ranking?®, values that are equal receive the same ranking
number, and then a gap is left in the ranking numbers. The number of ranking
numbers that are left out in this gap is one less than the number of items that are
equal. For instance, if the values are [8 7 7 2 1], the corresponding ranks are [1
2 2 4 5]. For football network, the standard ranks of the algorithms based on the
community scoring functions and validation measures are shown in Table 1. Simi-
larly, we measure such ranks for all the networks and find out the Spearman’s rank
correlation [1] between all pairs of scoring functions and validation measures. The
heat maps in Figure 2 depict the rank correlations for six different networks namely,
LFR (= 0.1), LFR (. = 0.3), LFR (u = 0.6), football, railway and coauthorship
networks. This is best captured in Table 2 which presents the average values of
these community scoring functions computed over all the validation measures for
each of the networks. We can observe that here also in all the cases, the correlation
is highest for permanence measure.

2.2. Fractional ranking

In fractional ranking®, values that are equal receive the same ranking number, which
is the mean of what they would have under ordinal rankings®. For instance, suppose
we have the data set [1 1 23 3 4 5 5 5]. There are 5 different numbers, so there
would be five different ranks. If first two numbers, i.e., 1 and 1 were actually different
numbers, they would occupy ranks 1 and 2. Since they are the same number, we
find their ranks by finding the average as follows: [(rank) 1 + (rank) 2] / 2 numbers
total = 1.5 (average rank). The next number in the data set, 2, is thus assigned

ahttp://en.wikipedia.org/wiki/Ranking
Phttp://en.wikipedia.org/wiki/Ranking
€in ordinal ranking, all items receive distinct ordinal numbers, including items that compare equal.
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Table 1. For Football network, the values of four community scoring functions on the output
obtained from eight different algorithms and the scores of the validation measures with respect to
the ground-truth communities. The ranks (using standard ranking scheme) of the algorithms
based on individual measures are shown within parenthesis. The average ranks of all the normal
(weighted) validation measures are shown in column 9 (column 13)

Algorithms Mod Perm 1-Con 1-Cut NMI ARI PU Avg || W-NMI | W-ARI | W-PU | Avg

(N) (W)

Louvain | 0.60(1) | 0.36(1) | 0.77 (5) | 0.44(6) || 0.93(1) | 0.99(1) | 0.89(2) | 1.67 || 0.99(2) | 0.93(2) | 0.99(1) | 1.67
FastGreedy | 0.58(5) | 0.25(5) | 0.81(4) | 0.59(4) || 0.93(1) | 0.99(1) | 0.91(1) | 1 (1) | 094(1) |0.99(1) | 1
CNM | 0.55(6) | 0.20(6) | 0.85(1) | 0.86(1) || 0.67(6) | 0.75(6) | 0.42(6) | 6 || 0.55(6) | 0.63(6) | 0.71(6) | 6

WalkTrap | 0.60(1) | 0.36(1) | 0.82(2) | 0.69(2) || 0.90(3) | 0.98(5) | 0.84(3) | 3.67 | 0.98(3) | 0.91(3) | 0.99(1) | 2.33
Infomod | 0.60(1) | 0.35(3) | 0.82(2) | 0.69(2) || 0.89(4) | 0.97(3) | 0.82(4) | 3.67 || 0.97(4) | 0.89(4) | 0.98(4) | 4
Tnfomap | 0.60(1) | 0.35(3) | 0.79(6) | 0.51(5) || 0.89(4) | 0.97(3) | 0.82(4) | 3.67 || 0.97(4) | 0.89(4) | 0.98(4) | 4

LFR(u=0.1)
NMI ! NI
G o || E
PU| PU|
Avg(N) 0.5 AvgiN)
W-NMI W-NMI
W-ARI W-ARI
W-PU W-PU
Avg(W) O Avg(W)
Mod  Perm  Con Cut Mod Perm  Con Cut Mon Perm Con Cut
Football Railway Coauthroship
NMI NMI
ARI . ARI
PU PU
Avg(N)| Avg(N)
W-NMI o W-NMI
W-ARI W-ARI
W-PU W-PU
Avg(W) _0.5 Ava(W)

Mod Perm  Con Cut

Mod Perm  Con Cut Mod Perm  Con Cut

Fig. 2. Heat maps depicting the pairwise Spearman’s rank correlation between four scoring func-
tions with six validation measures for six different networks using standard ranking scheme.
Avg(N) and Avg(W) are the averages of the ranks of three normal and three weighted validation
measures as shown in Table 1.

Table 2. Performance of the community scoring functions averaged over all the validation mea-
sures for each network using standard ranking scheme. In each row, the highest correlation is
highlighted in bold font.

Networks Modularity | Permanence | Conductance | Cut
LFR(p=0.1) 0.52 0.84 0.83 0.17
LFR(p=0.3) 0.63 0.74 -0.11 -0.79
LFR(p=0.6) 0.62 0.95 -0.19 -0.43

Football 0.18 0.48 -0.42 -0.47

Railway -0.53 0.44 -0.51 -0.62
Coauthorship 0.6 0.72 0.43 0.29

the rank of 3 (the average takes up 1 and 2 in the first two 1’s). The two 3’s in the
set would occupy ranks 3 and 4 if they were different numbers, so the average rank
would be computed as follows: (3 + 4)/2 = 3.5. The value 4 would get the rank of
6 (because our average took into account rank 4 and 5 in the average). There are 3
5’s in the data set. Their average rank is computed as (74+8+9)/3 = 8. Final ranks
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Table 3. For Football network, the values of four community scoring functions on the output
obtained from eight different algorithms and the scores of the validation measures with respect to
the ground-truth communities. The ranks (using fractional ranking scheme) of the algorithms
based on individual measures are shown within parenthesis. The average ranks of all the normal
(weighted) validation measures are shown in column 9 (column 13)

Algorithms Mod Perm 1-Con 1-Cut NMI ART PU Avg || W-NMI | W-ARI W-PU Avg
) W)
Louvain 0.60(2.5) | 0.36(2.5) | 0.77(6) 0.40(6) 0.93(1.5) | 0.99(1.5) | 0.89(2) | 1.66 || 0.99(2) 0.93(2) 0.99(2) 2
FastGreedy | 0.58(5) 0.25(5) 0.81(4) 0.59(4) 0.93(1.5) | 0.99(1.5) | 0.91(1) | 1.33 1(1) 0.94(1) 0.99(2) | 1.33
CNM 0.55(6) 0.20(6) 0.85(1) 0.86(1) 0.67(6) 0.75(6) 0.42(6) 6 0.55(6) 0.63(6) 0.71(6) 6
WalkTrap | 0.60(2.5) | 0.36(2.5) | 0.82(2.5) | 0.69(2. 3 (3) 0.99(2) | 2.66
2

) || 0.90(3) | 0.98(3) | 0.84(3) | 3 | 0.98(3) | 0.91
Infomod | 0.60(2.5) | 0.35(3.5) | 0.82(2.5) | 0.69(2.5) || 0.89(4.5) | 0.97(4.5) | 0.82(4.5) | 4.5 || 0.97(4.5) | 0.89(4.
Tnfomap | 0.60(2.5) | 0.35(3.5) | 0.79(5) | 0.51(5) || 0.89(4.5) | 0.97(4.5) | 0.82(4.5) | 4.5 | 0.97(4.5) | 0.89(4

5) | 0.98(4.5) | 4.5
5) | 0.98(4.5) | 45

LFR(u=0.1) LFR(n=0.3) LFR(u=0.6)

NMI 1 NMI NMI
AR ARI
PU Py
0.5 Avg(N) o AvalN)
W-NMI W-NMI
W_ARI W-ARI
W-PU 05 W-PU

0 Avg(W) Avg(w) o

Mod Perm Con Cut Perm  Con Cut Mod Perm Con Cut :

Football Railway Coauthorship

NMI 0.5
ARI

PU
Avg(N)

Avg(N)

W-NMI

W-ARI W-ARI
W-PU

Avg(W)| _0.5 Avg(W)

W-NMI
W-PU
Mod  Perm  Con Cut

Fig. 3. Heat maps depicting the pairwise Spearman’s rank correlation between four scoring func-
tions with six validation measures for six different networks using fractional ranking scheme.
Avg(N) and Avg(W) are the averages of the ranks of three normal and three weighted validation
measures as shown in Table 3.

Table 4. Performance of the community scoring functions averaged over all the validation measures
for each network fractional ranking scheme. In each row, the highest correlation is highlighted
in bold font.

Networks Modularity | Permanence | Conductance | Cut
LFR(p=0.1) 0.83 0.87 0.83 0.16
LFR(p=0.3) 0.63 0.74 -0.11 -0.79
LFR(p=0.6) 0.62 0.95 -0.19 -0.43

Football 0.18 0.48 -0.42 -0.47

Railway 0.09 0.44 -0.51 -0.62
Coauthorship 0.56 0.67 0.37 0.29

would be [1.5 1.5 34.54.56 8 8 §].

For football network, the fractional ranks of the algorithms based on the com-
munity scoring functions and validation measures are shown in Table 3. The heat
maps in Figure 3 depict the rank correlations for six different networks namely,
LFR (u = 0.1), LFR (u = 0.3), LFR (u = 0.6), football, railway and coauthor-
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ship networks, and Table 4 presents the average values of these community scoring
functions computed over all the validation measures for each of the networks. Here
also, we can observe that in all the cases, the correlation is highest for permanence
measure. Therefore, we can conclude that the permanence measure is more supe-
rior metric to evaluate the goodness of a detected community compared to other
standard community scoring functions irrespective of any ranking schemes.
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