
Latent Variable Models



Latent Variable Models

• Variables that cannot be observed (both in training and testing)

Advantages:

• Augment model to simplify inference (logistic regression)

• Latent features/properties of data (clusters, topics, representation)



Example of Latent Variable

• Team Selection for a Sports Meet

Height (x1) (m) Weight (x2) 
(kg)

Daily exercise 
(x3) (kCal)

Hours of sleep 
(x4) (hrs)

Performance
Score

1.64 85 2300 8 60

1.83 80 2700 7 90

1.52 70 2200 6 70



Probabilistic Inference

x1 x2

x3 x4

Score

p(score|x1, x2, x3, x4)

Large number possible combinations 
of the variables.



Probabilistic Inference

x1 x2

x3 x4

Score

Fitness

Fitness – latent variable

p(score|fitness)p(fitness|x1)p(fitness|x2)p(fitness|x3)p(fitness|x4)

Reduction in number of model parameters



Parameters vs Latent Variables

• Parameters are global, Latent Variables are observation specific/local

• Computationally difficult to do posterior inference for all the variables

• Hybrid inference
• Estimate Posterior for latent/local variable

• Point estimate (e.g., MLE) for parameters/global variables



Example: Gaussian Mixture Model (GMM) 



Mixture of Gaussian



Latent Variable View of GMM



Parameter Estimation of GMM



Parameter Estimation in GMM



Learning Parameters



Learning Parameters

• Similarly if we knew the parameters π, μ, Σ
• Estimating the latent variable is easy

• Chicken and Egg Problem!



Expectation Maximization Algorithm



EM Algorithm



E Step



M Step



M Step



M Step



Summary of GMM



Generalized Expectation Maximization



Generalized EM Algorithm

Concave function

a b

α.a + (1- α).b

f(α.a + (1- α).b) ≥ α.f(a) + (1- α).f(b)

Logarithm is an example of concave function

In general:
f(α1.a1 + α2.a2 + α3.a3) ≥ α1.f(a1) + α2.f(a2) + α3.f(a3) 

If: α1 + α2 + α3 = 1

Can think of α’s as probabilities.



Jensen Inequality

Reverse holds for concave functions.

If f is concave, -f is convex



Kullback-Leibler Divergence

• Measures similarity between two distributions

• The value is greater than or equal to zero.

• The value is zero when two distributions are identical.



MLE in LVM



MLE in LVM: Optimization Problem

• The summation/integral may lead to complex expressions for the 
likelihood



Optimizing a Lower Bound

q(z2, θ)

≥ q(z, θ)
q – variational distribution, changes with z

Depends on both latent variable and parameter
Easy to maximise

q(z1, θ)



Two Step Iterative Optimization (for MLE)

• Step 1: Obtain the variational distribution lower bound with lowest 
gap 

• Step 2: Obtain the maximum point for that variational distribution as 
candidate solution for θMLE

• Repeat



Lower Bound on the Likelihood



Maximising L



Visualization



Visualization



Visualization



Visualization



Visualization



Visualization



Visualization



Monotonicity 



The EM Algorithm

Continue till log-likelihood does not converge!



Pseudocode



Applications of EM


