
Shattering and VC Dimension



Agnostic Learnability of Function Classes

• Consider function class ℱ : 𝒳→ {0, 1}, and Risk function R



Consistency of ERM



Uniform Convergence



Uniform Convergence for Finite Hypothesis 
Class

• m is the size of the function class Applying the union bound



Capacity of Infinite Hypothesis Classes

• Infinite hypothesis classes can also be PAC learnable



Restrictions of Function Classes to a Finite 
Sample

ℱZn - Restriction to Zn

Even if the original function class is infinite the restriction is finite.
The maximum cardinality the restriction can have is 2n



Shattering Coefficient

Number of ways that the function space can separate the patterns into two classes

Zn is shattered

• Shattering means that there exists a sample of n patterns which can be separated in all possible ways 
- it does not mean that this applies to all possible samples of n patterns.
• Measure of capacity of function class



Example



Generalization bound with Shattering Coeff.



Symmetrization Lemma



Proof of Generalization Bound



Generalization Bound



VC Dimension



VC Dimension Examples

• Half planes

• Axis parallel rectangles

• Convex d cornered polygons

• Sine waves


