Agnostic PAC Learning



Notations Recap

* X—=Input

* Y- Output/Label

* D — Data distribution of X

* f(x) — target/labelling function

* Data generation model
* X~ D
* y=f(x)

* h(x) € H— Hypothesis

* Any domain

*10, 1}

* Fixed but unknown
*X->Y

* Realizability assumption: f(x) € H



Empirical Risk Minimization (ERM)
* A learning paradigm -
* hg =argmin , o, Ld(h)

* Under the realizability assumption f € H

* hg=pecnls(h)=0



Relaxation of the Realizability Assumption

* flx) € H

- Approximating a complex target function with a simpler hypothesis
class

- Approximation error




Relaxation of Realizability Assumption

No f(x) exists

- Non-zero Bayes error - overlapping classes

Not Tasty
Tast
Tasty Y
Not Tast
Tasty Y




More General Data Generation Process

. Both input and output are samples from a distribution D
- Z=(X,y)~D
- Dis adistribution over Xx y

- Allows for overlapping classes
. No underlying function y = f(X)



More General Loss Function

. Lp(h) = Ep(E(h(x),y))

. Expectation over D of random variable €(h(x),y))

. More general loss function €(h(x),y))
- Regression error
- Multi-class classification error



Learning Goal

* Obtain a good hypothesis, s.t.,
* heifLy(h;) <€ (trueerror)

Value of € will vary depending on difficulty of the problem
Cannot be less than Bayes error
Bayes error is the minimum possible error



New Learning Goal

* Good hypothesis (1)
* h;if Ly(h;) < Bayes error + € (Bayes consistent)
* Not worse than € wrt lowest possible error

* Good hypothesis (2)
* heifLy(hg) <min, . ,Ly(h) + € (Consistent)
* Not worse than € wrt the best approximator in H
* Agnostic learning



Agnostic PAC Learnability

Definition 1 (Agnostic PAC Learnability). A hypothesis H is agnostic PAC learnable if for every
e,0 € (0,1), there exists a function ny(€,0) and a learning algorithm such that for every distribution
D over X x YV, if the algorithm is run on n = nyle.d) samples draun i.i.d. from D, then the
algorithm returns a hypothesis h with R(h) < hmEi# BR(h) + €, except with probability 6.



Claim

Finite hypothesis classes are agnostic PAC learnable



Representative Sample

DEFINITION 4.1 (e-representative sample) A training set S is called e-representative
(w.r.t. domain Z, hypothesis class H, loss function ¢, and distribution D) if

VheH, |Ls(h)—Lp(h)| < e.



ERM is Successful for Representative
Samples

LEMMA 4.2 Assume that a training set S is 5-representative (w.r.t. domain

Z, hypothesis class H, loss function £, and distribution D). Then, any output of
ERMy (S), namely, any hg € argmin, 4, Lg(h), satisfies

Lp(hg) < minLp(h)+ e.
heH



Proof For every h € H,
Lp(hs) < Ls(hs) + 5 < Ls(h)+ 5 < Lp(h)+ 5+ 35 =Lp(h) +¢

where the first and third inequalities are due to the assumption that S 1s 5-

representative (Definition 4.1) and the second inequality holds since hg is an

ERM predictor. []



How to get a representative sample

. Sufficiently large (iid) samples are e-representative

Empirical risk = L, (h)
- empirical mean of random variable €(h(x),y)) calculated on sample S,

. True risk = Expectation of random variable €(h(x),y))

- As sample size grows the empirical risk estimate converges to the
true risk



Law of Large Numbers

. As m = o= empirical (sample) mean of a random variable converges
to its expected value (true mean)

. Here the random variable is €(h(x),y)) for a particular h



Convergence in Probability

Empirical
Mean of
Loss of a h

For different With a high probability empirical mean
Samples of converges to expectation as
Sizem E(x) .

sample size grows

Estimation error is small with
High probability for large samples

»
>

Sample size m



Uniform Convergence
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Rate of Convergence for Finite Samples

Concentration of measure inequalities

LEMMA 4.5 (Hoeffding’s Inequality) Let #4,...,6,, be a sequence of i.i.d. ran-
dom variables and assume that for all i, E[6;] = p and Pla < #; < b] = 1. Then,
for any € > 0

P >e| < 2exp(—2me’/(b—a)?).

m
% Z 0 — 1
i=1




Uniform Convergence Property

If for every h € H the empirical loss converges to the true loss as
sample size goes to infinity the function class H is said to have the
property of uniform convergence with respect to distribution D and
loss function I(h(x), y).

- Glivenko-Cantelli class



Definition

DEFINITION 4.3 (Uniform Convergence) We say that a hypothesis class ‘H has
the wuniform convergence property (w.r.t. a domain Z and a loss function /) if
there exists a function mjf : (0,1)* — N such that for every €, € (0,1) and
for every probability distribution D over Z, if S is a sample of m > mjf (¢, 9)
examples drawn i.i.d. according to D, then, with probability of at least 1 — 9, S
IS e-representative.



Agnostic PAC Learnability

COROLLARY 4.4 If a class ‘H has the uniform convergence property with a
Junction mif then the class is agnostically PAC learnable with the sample com-
plexity myy(€,0) < mjf(e/2,0). Furthermore, in that case, the ERMy paradigm
18 a successful agnostic PAC learner for H.



Claim

Finite Hypothesis classes have Uniform Convergence property
We need to show -

D"({S :Vh € H,|Ls(h) — Lp(h)| <e}) >1—6.
Equivalently, we need to show that

D™({S:3h e H,|Ls(h)— Lp(h)| > €}) <.



Proof

Writing
{S:3h e H,|Ls(h) — Lp(h)| > €} = Upney{S : [Ls(h) — Lp(h)| > €},
and applying the union bound (Lemma 2.2) we obtain

D™({S:3h € H,|Ls(h) — Lp(h)| > €}) < Y D™({S:|Ls(h) — Lp(h)| > €}).
heH



Proof (contd.)

D™({S : |Ls(h) — Lp(h)| > €}) = [mZa —

> E:| < 2exp (—Qmeg) .

(4.2)
Combining this with Equation (4.1) yields

D™({S:3h e H,|Ls(h) — Lp(h)| > €}) < Z 2 exp (—2me”)
heH
= 2|H| exp (—2me?).



Proof (Contd.)

Finally, if we choose

log(2[H|/9)
m = e
then
D™({S:3h € H,|Ls(h) — Lp(h)| > €}) <é.



COROLLARY 4.6 Let'H be a finite hypothesis class, let Z be a domain, and let

{:H xZ — [0,1] be a loss function. Then, H enjoys the uniform convergence
property with sample complexity

(e, ) < [mg(zmvtﬂsw

De2

Furthermore, the class is agnostically PAC learnable using the ERM algorithm
with sample complexity

mn(e,8) < mif(e/2,8) < [ HEEHUD]



