
Non-Uniform Learnability and 
Structural Risk Minimization



Example

• x ∈ ℝ (blood pressure of a patient)

• h(x) = sign(ax+b) (will have heart attack in an hour?)

• H = {h|h(x), a, b}

h(x)

+1

-1

ERM will give us the best linear classifier, but its accuracy may not be good enough



Example

• x ∈ ℝ (blood pressure of a patient)

• h(x) = sign(ax2 + bx + c) (will have heart attack in an hour?)

• H = {h|h(x), a, b, c}

h(x)

+1

-1

ERM will give us the best linear classifier, but its accuracy may still not be good enough



Example

• x ∈ ℝ (blood pressure of a patient)

• h(x) = sign(d-degree polynomial(x)) (will have heart attack in an hour?)

• H = {h|h(x), a, b, c, d}

h(x)
+1

-1

ERM will give us the best linear classifier, but its accuracy may still not be good enough!

-1



A More General Hypothesis Class

• H = ∪ {Hlinear, Hquadratic, Hcubic, Hpoly-d, … Hpoly-∞}

• We keep the hypothesis class general and will choose a suitable 
hypothesis depending on the problem.

• VC dimension of H is ∞ since it is essentially the class of all possible 
binary functions on the real line

• Can we still learn?



Recap: Agnostic PAC Learnability



Uniform Learnability

• Uniform sample complexity requirement for all h ∈ H



Non-Uniform Learnability

• Allows varying sample complexity requirement for different h ∈ H

• Intuition: 

• We will need relatively less number of samples to learn simpler 
classifiers

• More complex the classifier - more data we need.

• Cost increases as we try to match sophisticated classifiers!



Definition: Non-Uniform Learnability



NUL Requires Existence of Learner A



Example of NUL Hypothesis Class

• Countable union of uniformly learnable hypothesis classes
• May not be uniformly learnable

• May be non-uniformly learnable



A Structure on the Union Class



Background Knowledge of Structure



An Analogy of Structured Hypothesis Class

• We try to diagnose a disease by consulting a doctor

• Doctors have varying degree of expertise
• Doctors belongs to groups Hn depending on their highest degree n

• Expertise/Capacity of Hn increases with n (as encoded in weight wn)

• Cost of consulting (sample complexity) a doctor increases with her 
expertise

• We want to choose the best doctor for the diagnosis but we prefer to
pay a small fee



Non-Uniform Learnability of the Union Class



Theorem



Proving - Only If 



Proving - If

• If the individual classes are uniformly learnable the union is non-
uniformly learnable



Proof Outline for Uniform Convergence

1. Show that all samples of size m > mH(ε, δ) are ε-representative

2. ERM succeeds on a ε-representative sample to attain -



Proof Outline for Non-Uniform Convergence

1. Show that all samples of size m > mHn(ε, δ, Hn) are εn-representative

2. SRM succeeds on a ε-representative sample to attain -







The Weight Function



Bounding Non-Uniform Loss



Proof of the Bound



An Upper Bound on Risk



Learner Algorithm: Structural Risk 
Minimization



SRM



SRM Learning Works



Proof



Proof (Contd.)



Examples of SRM

• Depending on how you choose your weight function we get a varierty
of SRM algorithms

• Maximum margin classifiers
• Support Vector Machines

• Minimum Description Length Principle


